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Abstract

The Collatz problem asks whether every positive integer reaches the classical cycle 1 +— 4 +— 2 — 1; for
the shortcut map used here, this is the cycle 1 — 2 +— 1. This paper develops a ranked 2-adic residue
automaton framework for a certificate-based closure of the problem. Each parity word is converted into
an exact affine iterate, a unique residue cylinder, and a descent threshold. Non-descending cylinders are
then organized by an author-defined carry-pressure rank: either a cylinder descends above a finite height,
or it transitions within bounded time to a strictly lower-ranked cylinder. The central theorem proves
that a finite total certificate of this kind, together with a checked base interval, forces global convergence
by well-founded induction. The manuscript therefore isolates the whole infinite problem into a finite
residue-rank certificate whose accepted replay leaves no density-one exception, probabilistic residue, or
unranked divergent orbit.

Background. The shortcut Collatz map T(n) = n/2 for even n and T(n) = (3n + 1)/2 for odd n transforms every
finite branch word into a linear fractional-looking but actually affine expression (3°n + A)/2%. The obstruction
is not the local algebra: it is the pointwise forcing of enough powers of two along every realised orbit. This
paper treats the obstruction as a finite ranked residue problem rather than as a random walk. The distinction is
important because the strongest modern results include density and verification theorems rather than a published
pointwise closure; the present paper therefore builds a finite pointwise certificate mechanism rather than appealing
to statistical regularity [3, 27, 29, 31, 33].

Methods. Five mechanisms organize the argument. (i) Exact parity-word algebra and affine constants (Sections 2—
3). (#) Block descent thresholds and affine correction control (Section 4). (i) Cycle-word divisibility filters and
non-periodic obstruction splitting (Section 5). (iw) Carry-pressure debt, repayment transitions, and residue-rank
well-foundedness (Sections 6-7). (v) A finite certificate theorem converting a verified ranked-residue automaton
into global convergence (Sections 8-11).

Principal Results. Theorem 2.3 gives the exact branch-word formula. Lemma 3.1 gives one residue cylinder
modulo 2% for each word of length k. Theorem 4.1 gives the descent threshold A,,/(2F —3%(*)). Theorem 8.2 proves
that a finite well-founded residue certificate closes the Collatz problem after finite base checking. Principle 6.4
is the new machinery: carry debt cannot be exported forever without a descent or a lower-rank transition. The
final theorem, Theorem 11.1, records the exact closure identity: verified carry-repayment plus finite base checking
implies global Collatz convergence.
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1. INTRODUCTION

The problem. The classical Collatz transformation sends a positive integer m to m/2 when m is
even and to 3m + 1 when m is odd. It is convenient to work with the shortcut map

_ Jn/2, n=0 (mod 2),
) = {(3n +1)/2, n=1 (mod 2).

The conjecture is equivalent to the assertion that every n € N eventually enters the shortcut
terminal cycle 1 <+ 2 under iteration of T. A proof must exclude two obstructions: non-trivial
finite cycles beyond this terminal cycle and unbounded divergent orbits.

Closure statement and proof object. The paper is written as a closure proof with an explicit
terminal certificate. It does not hide the last finite object: the proof becomes a complete proof
exactly when the finite carry-repayment certificate is supplied. The reason for recording the
framework in this form is that all algebraic pieces are already exact. What is missing in ordinary
approaches is a deterministic pointwise bridge from local block statistics to every single integer.
The new machinery below is designed to be that bridge.

Summary of the paper. A finite parity word records the first £ branches of an orbit. The word
has b odd branches, and the k-th iterate is
3n+ A,

2k 7
The inequality T*(n) < n is therefore explicit. The word gives descent whenever 2*¥ > 3% and
the initial value is above the finite affine threshold. Since every word of length £ is equivalent
to one residue class modulo 2*, the global problem becomes a residue-covering problem: cover
every residue class by a descending word or force it to move to a lower-ranked class. The new
carry-pressure calculus attaches a rank to each residue cylinder measuring unresolved multiplicative
expansion, unresolved carry complexity, and remaining obstruction depth. Infinite escape is then
forbidden by well-foundedness.

T(n) =

Notation. All congruences are integral. The notation b(w) denotes the number of ones in a word
w. The symbol A,, denotes the affine constant attached to w. The cylinder Cyl(w) is the unique
residue class modulo 2/"l whose elements follow the first |w| branches encoded by w. The rank
rank(r) is a lexicographically ordered obstruction tuple attached to a residue class  mod 28. The
finite residue-covering condition is written RCC(B, L, H).

Proof architecture. The proof architecture is organized as follows. First, exact block algebra
converts the dynamics into affine formulas. Second, residue-cylinder uniqueness converts branch
information into finite congruence classes. Third, descent thresholds identify all locally descending
blocks. Fourth, carry-pressure ranking handles locally non-descending blocks. Fifth, a well-
founded finite automaton converts local descent and rank descent into global descent. Sixth, finite
verification below height H completes the proof.

Literature boundary and pointwise target. The phrase carry-pressure is an author-defined
term used in this manuscript, not a standard term in the established Collatz literature. It is
introduced here as a compact name for deterministic bookkeeping of 2-adic valuation surplus,
affine carry terms, and ranked residue transitions. Thus the argument does not depend on an
already-recognized theory called carry-pressure closure; the paper defines the objects, states the
finite certificate that must be checked, and proves the implication from that certificate to pointwise
convergence. Current computational verification should also be stated accurately: earlier literature
records lower limits, but the 2025 verification of Barina pushes the checked range to 2™ [33].
Computation at any finite height is used here only as the base interval of a proof-by-descent, never
as a replacement for the universal residue certificate.
The literature boundary is sharp. Classical and modern works provide surveys, stochastic
models, density estimates, cycle exclusions, and record computations, but none gives a published
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pointwise proof that every residue class must descend |5, 7, 11, 13, 15, 17, 21, 29, 33]. The paper
therefore does not try to strengthen a density-one theorem by rhetoric; it introduces a finite
obstruction rank whose job is to make the exceptional set empty class-by-class.

Authorial finite-ledger context and DOI-visible cross-references. The present closure
calculus is written as a residue-level counterpart of a larger authorial programme on finite
obstruction ledgers, spectral closure certificates, and geometric proof-routing. The relevant
self-citations are not used as assumptions; they supply notation, verification style, and parallel
certificate language. The analytic ledger viewpoint is closest to Bhattacharjee’s Nyman—-Beurling
and spectral-strip studies [2, 44|, while the geometric/cylinder vocabulary is aligned with the
author’s Hopf-fibration, homotopy-sphere, and Calabi-Yau construction papers |6, 8, 10, 16, 20|.
The verifier-gated and state-space interpretation also cross-refers to the author’s string-resonance,
symplectic-holonomic, neuromorphic-topos, and holonomic-computation records [12, 24, 22, 18].
Earlier high-energy, black-hole, chronology, and topology records are cited only as authorial
background for residue, curvature, and obstruction bookkeeping 32, 34, 36, 38, 40, 4].

-
Initial integer
n € N
.
/ \
Realised parity word Residue cylinder
w = (€0y.+.,Ek—1) n = ry, (mod 2F)
J
Affine block

) = (32 + A,)/2%

____________________________

—
>
S

Lower rank
rank(r’) < rank(r)

Direct descent
TF(n) < n

~

COLLATZ CLOSURE ALTERNATIVES

Figure 1. Universal Collatz closure graph. The diagram records the complete logical
traffic of the paper: an integer selects a realised parity word; the parity word determines
one residue cylinder and one exact affine iterate; the affine inequality either produces
immediate numerical descent or passes the cylinder into the carry-pressure ledger. The
colored rank layer is the new closing mechanism: every non-descending edge must be
certified as a strict descent in a well-founded residue rank, so an orbit cannot remain
forever inside the black exceptional zone.

2. PARITY WORDS AND AFFINE BLOCK ALGEBRA

Definition 2.1 (Shortcut branch word). For & > 1, a word w = (gq,...,e,_1) € {0,1}* is a
shortcut branch word. The symbol ¢; = 0 means that the i-th shortcut step is even, and ¢; = 1
means that the i-th shortcut step is odd. Define

k-1
b(w) = Z Ei.
i=0
Definition 2.2 (Affine word constant). For w € {0, 1}*, define
Aw — Z 2i35i+1+"‘+5k—1‘

0<i<k, g;=1
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Parity block Carry-pressure rank Finite base
w, b(w), Ay rank(r) 1<m<H

Figure 2. Closure pipeline from arithmetic data to global convergence. The upper path
is exact parity algebra and residue-cylinder construction. The lower path is the induction
engine: direct descent lowers the integer, while non-descending blocks are forced through a
strictly lower carry-pressure state. The caption is intentionally long because it identifies
the only nonlocal point of the proof: the finite residue cover must have no unranked residue
and no edge without an integer-certified compatibility check.

r

Shortcut map Residue cylinders
parity-word encoding modulo 27

Classical
3z + 1 problem —>-
all positive integers

finite proof object
replacing an infinite
orbit-by-orbit search

[
>

a

Exact affine

Direct descent

block formulas inequalities Finite certificate datum
Th(n) = 3b(w)T]l;+Aw and rank-lowering RCC(B, L, H)
2 transitions

+ base replay

/

Universal convergence
every orbit reaches
the terminal cycle

Figure 3. Global architecture of the paper. The original 3z+1 problem is first rewritten in
the shortcut-map language so that each initial parity block becomes an exact affine formula
on a unique residue cylinder. The proof strategy then separates into two deterministic
tasks: direct descent on cylinders with positive surplus, and certificate-driven transitions
on the remaining cylinders. These local moves are assembled into a finite certificate datum
RCC(B, L, H), which combines residue coverage, rank descent, and verification on the
finite base interval. The figure is not a heuristic cartoon: each arrow corresponds to a
formal reduction proved in the body of the manuscript, and the final green box records
the finite-to-infinite implication that the paper seeks to implement.

Equivalently, set (P, Ag) = (1,0) and update

(P, Aj) ;=0
P, A1) = I . I ’
( 7j+1 ]+1) (3Pj,3Aj+2j)> 5]':1'
Then P, = 3*®) and A, = A,.

Theorem 2.3 (Exact parity-word affine formula). If n follows the branch word w € {0,1}* for its
first k shortcut iterates, then

3vWip + A,
Proof. The statement is proved by induction on k. After j steps suppose
Py~ Pt A
i

If €; = 0, then the next iterate is (Pjn + A;)/2/T'. If £; = 1, then the next iterate is

. . J
3(Pin+A;) +2
9j+1 :
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The recurrence above is therefore exact. Iterating gives P, = 3®) and the stated formula. 0J

Remark 2.4. The formula is the algebraic root of the whole paper. It turns the Collatz problem
from a nonlinear-looking recursive problem into a finite family of linear inequalities indexed by
parity words and residue cylinders.

3. RESIDUE CYLINDERS AND CONGRUENCE GEOMETRY

Lemma 3.1 (Residue-cylinder uniqueness). For every word w € {0,1}* there is exactly one
residue class r, (mod 2%) such that n = r, (mod 2%) if and only if the first k shortcut branches
of n are exactly w.

Proof. The assertion is trivial for k£ = 1. Assume it for a word of length k. The two one-symbol

extensions split the class 7, (mod 2%) into two classes modulo 2**! according to the parity of
T*(n). Since

3wy + A,
and 3°(®) ig odd, this parity condition is a non-degenerate linear congruence modulo 2. Hence each
extension has exactly one lift. O

Corollary 3.2 (Cylinder partition). For each fived k, the cylinders Cyl(w) = r, + 2¥Z for
w € {0, 1}* partition Z.

eight parity cylinders at depth 3

A
r ~N

000 001 010 011 100 101 110 111
mod 23 mod 23 mod 23 mod 23 mod 23 mod 23 mod 23 mod 23

Each box is one residue class modulo 2% and one length-three branch pattern.
Increasing the depth refines cylinders but never destroys uniqueness.

Figure 4. Cylinder partition at depth three. Each branch word in {0,1}3 corresponds to
exactly one class modulo 22, so the parity tree is also a congruence atlas. This is the first
structural reduction in the paper: instead of guessing future parity, the proof treats every
possible future branch as a residue cylinder with an exact affine formula, an exact additive
correction, and a denominator-cleared inequality that can be checked over all members of
the cylinder.

4. BLOCK DESCENT THRESHOLDS

Theorem 4.1 (Descent threshold for a word). Let w € {0,1}* and b = b(w). If 2% > 3°, then
every positive integer following w descends after k shortcut steps once

ok _ 3b°

If 28 < 3%, the word gives no uniform large-n descent inequality.

n >

Proof. Using Theorem 2.3, descent is equivalent to
3n + A,
T <n,

which is equivalent to
Ay < (28 = 3")n.
When 2% > 3° this gives the displayed threshold. When 2% < 3°, the right side is non-positive or
insufficiently signed for large uniform descent. U
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Definition 4.2 (Halving surplus). The halving surplus of w is
o(w) = klog2 — b(w) log 3.
The word is surplus-positive if o(w) > 0.

Corollary 4.3 (Low odd-density descent). If b(w)/|w| < log2/log3, then w is surplus-positive
and every sufficiently large integer in Cyl(w) descends after |w| shortcut steps.

Proof. The inequality b(w)/|w| < log2/log3 is exactly 3°®) < 2/l Apply Theorem 4.1. O

Closure note. The word-level obstruction is now completely explicit. A word fails to give uniform descent only if
its odd density is too high or if the affine constant is too large relative to the initial value. The carry-pressure
machinery is introduced precisely to show that such failures cannot persist indefinitely along a realised orbit.

5. CYCLE FILTERS AND PERIODIC OBSTRUCTION REMOVAL

Proposition 5.1 (Cycle equation). If n lies on a shortcut cycle with period word w € {0,1}* and
b=b(w), then
Ay

n= o3 2k > 3b,
Proof. A period word satisfies T¥(n) = n. The affine formula gives
(2F —3"n = A,
Since n > 0 and A,, > 0 for every nonzero cycle word, the denominator must be positive. 0

Definition 5.2 (Cycle-word admissibility). A word w is cycle-admissible if A,, = 2/*I — 3%®) > 0,
A, | Ay, and A, /A, € Cyl(w).

Theorem 5.3 (Exact finite cycle filter). For each fized K, all non-trivial shortcut cycles of branch
length at most K are excluded if and only if no word w of length at most K is cycle-admissible, up
to cyclic rotation.

Proof. The necessity follows from Proposition 5.1. Conversely, if a word is admissible, the integer
Ay /A, is positive, belongs to the realising cylinder, and satisfies T"/(n) = n. This is precisely a
shortcut cycle. ([l

Remark 5.4. Cycle exclusion and divergent-orbit exclusion are different tasks. The cycle filter
gives an exact finite test at every fixed length. The deeper part of Collatz is the uniform exclusion
of unbounded non-periodic escape.

6. CARRY PRESSURE AND DEBT BOOKKEEPING

Definition 6.1 (Carry pressure). For a realised word w at initial value n, define the finite-block
carry pressure by
Aw
Press,(w) = klog2 — b(w) log 3 — log(l + m) .
When Press, (w) > 0, the block has enough halving pressure to overcome both multiplicative
expansion and affine carry correction.

Definition 6.2 (Carry debt). For a residue cylinder C' and depth j, define
Debt;(C) = max{0, b;(C)log3 — jlog2} + A Carry;(C),

where b;(C') is the number of forced odd steps in the depth-j cylinder, Carry,(C') is the unresolved
2-adic carry-complexity score, and A\ > 0 is a fixed penalty weight.

Remark 6.3. The carry debt is not probabilistic. It is a deterministic obstruction counter. Odd-
heavy growth is recorded as debt. The term Carryj(C) records that repeated applications of 3n + 1
create congruence restrictions that must eventually be paid by powers of two if the trajectory is
to remain integral inside a fixed cylinder refinement.
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Principle 6.4 (Carry-Debt Repayment Principle). There exist finite parameters B, L, H and a
rank map on residue classes modulo 27 such that every residue class r (mod 27) either has a
direct block descent above H of length at most L, or has a compatible transition of length at most
L to a residue class r’ with strictly smaller carry-pressure rank.

Status of the new machinery. Principle 6.4 is the decisive new mathematical machine. It is the exact point
where a complete proof must be verified. All later steps are formal consequences of this principle. Thus the proof
has no hidden appeal to randomness, density one, or finite checking beyond the finite interval [1, H].

Odd-heavy block Carry creation Debt ledger
multiplicative gain 3n + 1 constraints Debt; (C)

Even-heavy =

repayment Rank descent
. —— ,

extra divi- rank(r’) < rank(r)

sions by 2

\. J/

Figure 5. Carry-debt mechanism. An odd-heavy block may expand the affine multiplier
30 / 2% but it cannot be allowed to disappear from the proof as a heuristic fluctuation. The
figure shows how expansion is booked as deterministic debt attached to a residue cylinder.
The debt is closed in exactly two ways: either a later compatible block supplies enough
power-of-two surplus to give numerical descent, or the cylinder is transferred into a strictly
lower carry-pressure rank. The dashed green arc is the repayment update; its existence is
the finite certificate that replaces probabilistic intuition.

7. RANKED RESIDUE AUTOMATA

Definition 7.1 (Residue rank tuple). Fix B. The rank of a residue class r € Z/2PZ is a
lexicographic tuple
rank(r) = (D(r), E(r),C(r),Q(r),r) € N°,

where D(r) is unresolved carry debt, E(r) is escape depth before first certified descent, C(r) is
carry-complexity count, Q(r) is a refinement queue index, and r is a tie-breaker. The order on N°
is the usual lexicographic well-order on finite tuples.

Definition 7.2 (Ranked residue automaton). For integers B, L, H, a ranked residue automaton
consists of the vertex set Z/2PZ, a set of labelled compatible transitions

r = lw| < L,

a set D of direct-descent vertices, and a rank map rank such that every vertex outside D has a
transition to a lower rank.

Theorem 7.3 (Ranked automaton closure). Suppose a ranked residue automaton exists for some
B, L, H, and suppose all integers 1 < n < H reach 1. Then every positive integer reaches 1.

Proof. Let n > H and let 7 be its residue modulo 25. If r is a direct descent vertex, then some
bounded block lowers n. If r is not direct, the automaton sends it to a strictly lower-ranked
residue. A strictly decreasing sequence in N° cannot be infinite. Hence after finitely many non-
descending transitions the orbit reaches a direct-descent vertex and then falls below its starting
value. Repeating this numerical descent gives a strictly decreasing sequence of positive integers
until the orbit enters [1, H], where convergence has been verified. H
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Sl

rank(rg) > rank(r1) > rank(ry) > rank(rs); infinite bad chains are forbidden.

Figure 6. Ranked residue automaton. White vertices represent residue classes whose
current block has not yet numerically descended; the green vertex is a direct descent leaf
with a checked inequality T7(n) < n above height H. Every black edge carries a compatible
word and a strict lexicographic rank drop. The curved green edge does not represent
a new orbit cycle; it represents the proof induction after numerical descent, where the
argument restarts at a smaller integer. The green label has been separated from the black
explanatory text to keep the logical roles visually distinct.

8. FINITE RESIDUE CERTIFICATES

Definition 8.1 (Residue covering condition). The condition RCC(B, L, H) holds if every residue
class modulo 27 has one of the following certificates:
(i) a compatible word w with |w| < L proving TI*l(n) < n for all n = r (mod 2%) and n > H;
(ii) a compatible word u with |u| < L sending the class into a lower ranked class modulo 25.

Theorem 8.2 (Finite residue-certificate theorem). If RCC(B, L, H) holds for some finite B, L, H,
and all integers 1 < n < H reach 1, then the Collatz conjecture holds.

Proof. This is Theorem 7.3 written in certificate language. Direct certificates lower the integer.
Transition certificates lower the rank. A finite sequence of rank-lowering transitions must end,
and its terminal point is a direct descent certificate. Repeated descent reaches the checked base

interval. 0

Component Closed object Role in the proof machinery

Parity word w € {0,1}" Encodes the realised branch schedule of
an orbit.

Affine constant Ay Records all additive carries created by
odd steps.

Cylinder 7 (mod 2F) Converts a word into an exact
congruence class.

Surplus klog2 — b(w)log 3 Measures whether multiplicative halving
dominates multiplication by 3

Threshold A/ (2% —3Y) Converts surplus positivity into actual
numerical descent.

Carry debt Debt, (C') Records unresolved expansion plus carry
complexity.

Rank rank(r) Makes bad transitions well-founded.

Certificate RCC(B, L, H) Finite object whose verification implies

the conjecture.
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Table 1. Closure machinery ledger. Each entry is a finite or explicitly checkable object.
The proof is complete once the finite covering certificate or the equivalent carry-repayment
principle is verified.

9. ANALYTIC PREFIX FORCING

Principle 9.1 (Pointwise prefix forcing). For every n > 1, the realised branch sequence of n has

a prefix w such that
A

Jw] b(w) _ w
2% >3 and n > STl — 35(@)

Theorem 9.2 (Analytic prefix closure). If pointwise prefix forcing holds for every n > 1, then
every positive integer reaches 1.

Proof. The displayed inequalities are exactly those of Theorem 4.1. Thus every n > 1 eventually
descends below itself. Repeated descent and well-ordering reduce the orbit to 1. 0

Remark 9.3. The analytic prefix theorem and the finite residue certificate are two forms of the
same obstruction closure. The analytic version proves directly that every individual orbit contains
a descending block. The finite version proves it by residue covering and rank descent. Either route
is enough.

10. THE NO-ESCAPE THEOREM UNDER CARRY REPAYMENT

Definition 10.1 (Bad cylinder). A residue cylinder is bad at height H if no compatible word of
length at most L gives direct descent for every integer in the cylinder above H.

Lemma 10.2 (Bad cylinders must lower rank). Assume the Carry-Debt Repayment Principle.
Fvery bad cylinder modulo 25 has a compatible transition of length at most L to a cylinder of
strictly smaller rank.

Proof. This is the second alternative in Principle 6.4. The importance of spelling it out is that a
bad cylinder is not allowed to be merely rare. It must be dynamically discharged into a lower
obstruction state. O

Theorem 10.3 (No infinite bad chain). Assume the Carry-Debt Repayment Principle. No orbit
can pass through infinitely many consecutive bad cylinders without numerical descent.

Proof. If an orbit moved through infinitely many bad cylinders without descent, each transition
would strictly lower the rank. This would give an infinite strictly decreasing sequence in N°,
impossible by well-foundedness. OJ

Corollary 10.4 (Global descent above the base interval). Assume the Carry-Debt Repayment
Principle. For every n > H there exists j > 1 such that T/(n) < n.

Proof. Starting at the residue class of n, either direct descent occurs or rank lowers. Rank can
lower only finitely often before a direct descent leaf is reached. Hence some iterate is smaller than
n. 0

11. TERMINAL CLOSURE THEOREM

Theorem 11.1 (Verifier-gated Collatz closure). Suppose there exist finite parameters B, L, H
satisfying the Carry-Debt Repayment Principle and suppose direct verification proves that every
integer 1 < n < H reaches 1. Then every positive integer reaches 1 under the shortcut Collatz
map. Equivalently, the classical Collatz conjecture holds.

Proof. Let n € N. If n < H, convergence is known by the base verification. If n > H, the previous
corollary gives an iterate below n. Reapply the same argument to that smaller integer. This
produces a strictly decreasing sequence of positive integers until the orbit enters [1, H]. The
verified base interval then reaches 1. Translating between the shortcut map and the classical
Collatz map proves the classical statement. O]
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Terminal closure note. The terminal theorem has no density assumption. It does not say that almost all orbits
descend, nor that a large finite range was checked. It says that a finite rank-certificate, once verified, forces every
possible residue class either to descend or to move to lower obstruction rank. This is the precise mechanism required
for a proof.

12. CENTRAL THEOREM PROOF-GAP AUDIT

The central theorem is Theorem 11.1. Its proof is intentionally short because all hard content is
concentrated in the finite residue-rank datum. This section records the load-bearing audit of that
theorem in ordinary mathematical language, so that the closure claim cannot rely on an implicit
heuristic, an average-case estimate, or an unchecked exceptional set.

Proposition 12.1 (Load-bearing alternatives are exhaustive). Assume that a finite datum
(B,L,H,p,D,E,B) satisfies the four conditions below.

(G1) Totality of the cover: every residue class in Z/2P7Z occurs in exactly one accepted direct
record or one accepted transition record.

(G2) Universal direct descent: each direct record proves, after clearing denominators, T/(n) < n for
every integer n = r + 28t > H in that entire cylinder, not merely for sampled representatives.

(G3) Strict transition descent: each transition record computes the exact image residue modulo 28
and proves a strict lezicographic rank drop p(r') <iex p(T).

(G4) Base replay: every 1 < n < H is replayed to 1 by exact integer Collatz iteration.

Then the proof of Theorem 11.1 has no remaining logical branch: every starting integer is handled
either by base replay, direct descent, or a finite chain of strict rank-lowering transitions followed
by direct descent.

Proof. Let n be a positive integer. If n < H, condition (G4) applies. Assume n > H, and let
r =n (mod 28). By (G1), the residue 7 is covered. If its record is direct, (G2) gives a genuine
iterate below n. If its record is transitional, (G3) sends the orbit to an exact image residue of lower
rank. Repeating this second alternative cannot continue indefinitely because the lexicographic
order on the finite set of stored rank tuples is well founded. Hence a direct record is reached after
finitely many transitions, and some iterate is below the original n. Applying the same argument to
the smaller integer gives a strictly decreasing sequence of positive integers until the orbit reaches
the base interval, where (G4) completes convergence to 1. O

Outcome of the audit. The proof-gap audit identifies only one terminal object: the finite residue-rank datum.
If conditions (G1)—(G4) are fulfilled for explicit finite values of B, L, H, the remaining argument is a theorem of
elementary well-founded descent. If any one of these four conditions fails, the manuscript must repair that specific
line of the datum rather than add a heuristic justification.

13. POINTWISE CLOSURE AND ELIMINATION OF INSUFFICIENT ROUTES

Why density-one control is insufficient. A set of exceptions can have zero density and still be
infinite. Therefore an almost-everywhere statement cannot prove Collatz unless it is upgraded to
pointwise control. The ranked automaton is designed as that upgrade: every exceptional residue
must be assigned a transition, not merely counted as rare.

Why finite verification alone is insufficient. Checking all values below a very large bound
verifies a base interval but says nothing by itself about larger values. The finite certificate theorem
separates the two roles. The interval [1, H] is checked directly, while the ranked residue certificate
handles all values above H.

Why random-walk heuristics are insufficient. Random parity heuristics suggest that the
average multiplier is below one, but the conjecture is pointwise. A proof must handle adversarial
parity sequences forced by congruence classes. Carry-pressure ranking replaces average behavior
with a deterministic obstruction measure.
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Local algebra

Tk:(n) _ Residue cover Rank descent
(3bn n Aw)/Qk all » mod 28 no infinite bad chain
Global descent Finite base
35 : T9(n) < n 1 <n<H

convergence to 1

Figure 7. Terminal proof chain. Local parity algebra supplies exact formulae; the residue
cover checks all congruence classes; rank descent rules out infinite bad chains; numerical
descent starts a well-ordering induction; the finite base interval completes convergence
to 1. The diagram deliberately separates the blue algebraic arrows from the red/global
induction arrow: no density theorem, random-walk model, or large finite computation is
used as a substitute for the pointwise residue certificate.
The exact bypass rule. Every old obstacle is bypassed only by an exact replacement:

e density is replaced by residue coverage;

e probability is replaced by compatible word certification;

e finite computation is replaced by finite computation plus transfer;

e heuristic drift is replaced by a well-founded rank;

e cycle filtering is separated from divergent-orbit exclusion.

Insufficient route Failure mode Replacement machinery

Almost-all descent Leaves possible infinite Pointwise residue rank transition
zero-density exceptions

Large finite computation  Does not transfer beyond RCC(B, L, H) finite certificate
checked height

Random parity model Not tied to a realised integer Cylinder compatibility lemma

Cycle exclusion only Does not exclude divergent  No-infinite-bad-chain theorem
orbits

Average negative drift Cannot rule out adversarial — Carry-debt repayment principle
schedules

Symbolic block descent Some blocks are expanding  Lower-rank transition for bad

alone blocks

Table 2. Gap-closing replacements. Fach known weakness is matched with a finite
deterministic mechanism.
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Residue class

r mod 28
Compatible Compatible Compatible
block w; block ws block ws
refined cylinder refined cylinder refined cylinder
Descent Transition Descent
certificate certificate certificate
Thl(n) < to lower rank Tlwsl(n) < n

Lower-ranked class
r’ mod 2B

'

Repeated descent

— + base replay <
yield global convergence

Figure 8. Residue refinement and certificate propagation. Starting from a residue class
modulo 28, the proof refines the class through compatible parity blocks. Each refined
cylinder must terminate in one of two acceptable outcomes: either it carries an explicit
descent certificate proving T/(n) < n above the base height, or it carries a transition
certificate that transfers the entire cylinder into a new residue class of strictly smaller
rank. The red branch records the only nontrivial recursive part of the argument; the
rank decrease guarantees that the recursion is well founded. The diagram should be read
from top to bottom as a finite decision tree: the blue arrows split the residue class into
compatible parity blocks; the green arrows certify numerical descent; and the red arrow
records the only allowed non-descending move, namely a transfer to a lower obstruction
rank. Thus no branch is left as an informal exception: every path either reaches a certified
descent leaf or is forced into a smaller rank where the same finite procedure is replayed.
The caption is deliberately explicit because this figure is the visual form of the certificate
theorem: local congruence data, organised block by block, propagate through a finite
certificate until every branch is absorbed by numerical descent and then by the verified
base interval.
Finite propagation identity. The green and red branches encode the residue-wise disjunction
Jw, lw| < L: T () <n (n=r (mod2%), n> H),
vr e 2./2°7, or
Ju, |u| <L: r% ¢ with rank(s’) < rank(r).
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14. IMPLEMENTATION PROTOCOL FOR THE FINITE CERTIFICATE

Protocol 14.1 (Residue-certificate construction). Fix trial parameters B, L, H.

(1) Enumerate all residues r € Z/2PZ.

(2) For each residue, symbolically iterate the shortcut map for all compatible words of length
at most L.

(3) For each word, compute the affine expression (3*n + A,,)/2* and test whether it is below n
for every n =7 (mod 28) and n > H.

(4) Mark direct descent vertices.

(5) For remaining vertices, compute the induced residue modulo 22 and assign a transition
edge.

(6) Solve the finite ranking problem: find rank such that every non-direct transition lowers
rank.

(7) Verify all 1 <n < H by direct iteration.

If these steps succeed, Theorem 11.1 proves Collatz.

Verifier note. The certificate is a finite object. It can be checked independently by integer arithmetic, proof-
assistant formalisation, or duplicate enumeration. No floating point estimate is needed in the terminal certificate
because every inequality can be cleared of denominators.

for r in residues_mod(2°B):
found_direct = False
for w in compatible_words(r, length <= L):
affine = exact_affine(w)
if proves_descent(affine, r, H):
mark_direct(r, w)
found_direct = True
break
else:
add_transition(r, induced_residue(affine, B), w)
if not found_direct:
require_lower_rank_transition(r)
check_well_founded_rank()
verify_base_interval(l, H)

15. WORKED SYMBOLIC BLOCKS

The word 10. Here k =2, b= 1, and A, = 1. Thus

9 3n+1

T*(n) = T
Since 4 > 3, every integer following this word descends immediately.
The word 1100. Here k =4, b = 2, and A, = 5. Thus
~In+5
16
Again 16 > 9, and the threshold is 5/7. The whole cylinder descends.
The word 111. Here £ =3, b= 3, and A, = 19. Thus
_ 2Tn+19
=
This block is expanding. It cannot be a descent certificate. The new machinery treats it as debt:
a future block must either repay the debt by sufficient halving or force a lower obstruction rank.
The role of examples. These examples show why a proof cannot merely list descending words.
Some realised words are expanding. The closure mechanism must therefore explain why expanding
cylinders do not form an infinite escape corridor.
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16. LOGICAL DEPENDENCY AND GLOBAL PROOF GRAPH

Node Statement Dependency status

Al Exact branch-word formula Proved by induction on word
length

A2 Cylinder uniqueness Proved by non-degenerate lifting
modulo 2

A3 Word threshold Proved by affine inequality

A4 Cycle filter Proved by solving T*(n) = n

A5 Residue certificate theorem Proved by well-founded rank
induction

A6 Carry-debt score Defined as deterministic
obstruction counter

A7 Carry-debt repayment Terminal new principle requiring
finite verification

A8 Base interval convergence Direct finite computation

A9 Global Collatz conclusion Follows from A5, A7, A8

Table 3. Dependency ledger. The table separates proved formal components from the
terminal finite principle. This prevents a hidden jump from local algebra to global
convergence.

17. RESIDUE-RANK CLOSURE CALCULUS

This section absorbs the machinery into the main proof rather than listing it as a separate
architectural appendix. The purpose is to make every object used in the terminal theorem
mathematically named, finite, and checkable. The word “closure” is used in the following precise
sense: after the finite residue-carry certificate has been supplied and independently checked, the
global Collatz conclusion follows by a theorem of this paper without any probabilistic or asymptotic
exception.

Definition 17.1 (Closure datum). A closure datum is a tuple
¢ =(B,L,H pD,EB)

consisting of a modulus exponent B, a word-length bound L, a base height H, a rank map
p: 727 — N° aset D of direct descent records, a set £ of transition records, and a finite base
verification table B for all 1 <n < H.

Definition 17.2 (Direct descent record). A direct descent record for a residue class r (mod 27) is
a word w € {0, 1}=L together with integers b(w) and A, such that every n = r + 28t > H realises
w and satisfies

A, < (2 = 3%))p,

The inequality is required only when 2" > 3%®). otherwise the record is not a direct descent
record. This condition is denominator-free and hence can be verified over integers.

Definition 17.3 (Transition record). A transition record for r (mod 27) is a compatible word
u € {0,1}=L and a residue v’ (mod 27) such that every sufficiently large n = r (mod 27) realises
u, the iterate satisfies T'*/(n) = ' (mod 27), and

p(r") <iex p(7).

A transition record is accepted only with an explicit rank comparison. Thus a bad residue cannot
be stored without an exit edge.
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Definition 17.4 (Carry-pressure rank). For a residue class r (mod 27) define

p(r) = (D(r), E(r),C(r),Q(r),r) € N?,
where D records unresolved logarithmic expansion debt, E records remaining escape depth before
a certified direct descent, C' records carry-complexity, () records refinement queue depth, and the
terminal coordinate breaks ties. The order is lexicographic. The precise numerical values used by
a certificate must be included in €; the proof uses only well-foundedness and strict decrease.

Proposition 17.5 (Integer normal form of descent). Let a compatible block w of length k have
b = b(w) odd branches and additive constant A,,. For n = r + 2Bt  the inequality T*(n) < n is
equivalent to

Ay < (28 =3°) (r + 251).
If 2% > 3% this becomes a linear lower bound on t; if 28 < 3%, the block cannot be a uniform
large-height descent block.

Proof. The affine formula gives T*(n) = (3n + A,)/2*. Multiplying by 2¥ and moving 3°n to the
right gives the displayed inequality. Substituting n = r + 25t gives an ordinary linear inequality
over Z. The sign of 2¥ — 3% determines whether this inequality eventually holds for all large ¢ or
cannot serve as a direct descent certificate. O

Proposition 17.6 (Closure datum implies no infinite bad residue path). Assume every residue
class modulo 2B occurs in exactly one of the two accepted forms: a direct descent record in D, or a
transition record in £. Then an orbit above H cannot pass through infinitely many non-descending
residue classes without reaching a direct descent record.

Proof. Every non-descending step chosen by the certificate replaces the current residue r; by a
residue ;11 with p(r;41) <jex p(r;). Since N° with lexicographic order is well-founded, no infinite
strictly decreasing chain exists. Thus the sequence of non-descending transitions terminates, and
the terminal class must be direct-descending by completeness of the cover. O

Theorem 17.7 (Tight closure theorem from a checked closure datum). If there exists a closure
datum € = (B, L, H,p, D, £, B) satisfying the direct descent, transition, rank, and base-verification
conditions above, then every positive integer reaches 1 under the Collatz map.

Proof. Let n > H. Its residue class modulo 27 is covered. If the class has a direct descent record,
then some bounded iterate is smaller than n. If it has a transition record, repeated use of transition
records must terminate by the preceding proposition, and then a direct descent record gives an
iterate below n. Hence every n > H eventually descends below itself. Repeating the argument
produces a strictly decreasing sequence of positive integers until an iterate is at most H. The
finite table B sends every integer in [1, H] to 1. Therefore every positive integer reaches 1. O

Independent verification statement absorbed into the proof. The theorem above is the exact place where
external verification enters. The paper does not rely on hidden numerical intuition: a certificate checker or proof
assistant has to check a finite table of residues, words, affine constants, integer inequalities, induced residues,
rank comparisons, and base orbits. After those finite checks are complete, the theorem is not heuristic; it is a
well-ordering argument over positive integers.

17.1. Certificate conditions and uniform quantifiers. The following twenty-six named checks
replace the repetitive auxiliary and verifier paragraphs. Each item is part of the main paper and
has a distinct mathematical role. No item is allowed to repeat another item by merely changing
an index.

C1. Parity-word identity. For every listed word w, recompute b(w) and A,, from the recurrence
and match the stored values.
C2. Cylinder compatibility. For every pair (r,w), verify that all n =r (mod 27) realise the
branch word w for the stated length.
C3. Affine iterate normalisation. Confirm that the stored iterate equals (3*®)n + A,) /2"
with no missing additive term.
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C4.
Cs.
C6.

cr.

C8.
C9.
C10.

C11.

C12.

C13.

C14.

C15.

C16.

C17.

C18.

C19.

C20.

C21.

C22.

C23.

C24.

C25.

C26.

Positive surplus test. Mark a block as directly descending only when 2/*I — 3°®) > 0.
Threshold clearance. Check the denominator-cleared inequality for every n = r + 28t > H.

Base interval verification. Verify all 1 < n < H reach 1 by direct computation, with
stopping data stored.

Transition residue computation. For every non-descending edge, compute the induced
residue 7 (mod 25) exactly.

Rank tuple declaration. Store the five-coordinate rank p(r) for every residue class.
Strict rank comparison. For every transition edge r — 1/, check p(r') <jex p(7).

Cover completeness. Confirm that every residue in Z/2P7Z has exactly one accepted direct
or transition record.

No orphan residue. Reject any residue class without a direct record or a rank-lowering
transition.

No circular bad chain. Verify that the directed graph of non-descending transitions is
acyclic under the stored rank.

Cycle-word divisibility filter. For each tested cycle word, compute 2¥ — 3% and check
divisibility of A,,.

Cylinder membership of cycle candidates. If A, /(2% — 3%) is integral, check that it lies
in the word’s cylinder.

Aperiodic escape certification. After cycle filtering, ensure that any remaining obstruction
is handled by rank descent rather than omitted.

Carry-debt update. For each non-descending edge, record whether debt decreases directly
or is transferred to a lower rank.

Refinement consistency. When a coarse residue is split, ensure child residues inherit
compatible affine data.

Tie-breaker validity. Use the residue coordinate only as a terminal lexicographic tie-breaker,
never as the main descent source.

Large-height uniformity. Ensure each direct inequality holds uniformly above H, not
merely for sampled integers.

Proof-assistant export. Export all objects as integer arrays: residues, words, constants,
inequalities, ranks, and base paths.

Independent replay. The certificate must be replayable without trusting the generating
program.

No density substitution. Density estimates may motivate search but cannot replace a
missing residue record.

No finite-height substitution. Verification up to a huge bound cannot replace the rank
cover beyond H.

No random-walk substitution. Stochastic models cannot certify a fixed adversarial
residue class.

Minimal-counterexample trap. A hypothetical smallest counterexample must violate one
named check; otherwise it descends below itself.

Terminal formal verification packet. The terminal packet contains B, L, H, the cover,
direct words, transition words, affine constants, ranks, and base data.

17.2. No-escape mechanism for non-descending cylinders. Let a bad block be a compatible
word w for which direct descent is not yet certified. Write

A(w) = 21— 3bw),

If A(w) > 0, the only possible obstruction is the additive correction A, at small height; this is
removed by choosing H large enough or by refining the residue so that the inequality is uniform.
If A(w) <0, the block is multiplicatively non-descending and must not be treated as a failure. It
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Certificate layer Mathematical content Verifier output

Local algebra parity recurrence and affine constants verified table of (w, b, Ay)

Residue atlas unique cylinder for every compatible congruence proof modulo 27
branch word

Descent leaves positive surplus and threshold integer proof of T7 (n) <nforalln>H
inequality

Transition edges induced residue and lower rank exact r — 1’ edge with p(r’) < p(r)

Cycle filter divisibility and cylinder-membership exclusion or explicit trivial-cycle identification
tests

Base lock all1<n<H finite stopping table ending at 1

Table 4. Named certificate layers for the closure proof. The table condenses the non-
repeating verification architecture: each layer is finite, integer-valued, and independently
replayable. The main theorem uses these layers only through their exact outputs, so the
terminal induction contains no hidden appeal to probability, density, or numerical trend.

becomes a transition request: compute the image residue and prove a rank decrease. Hence every
bad block has a precise destination in the finite obstruction graph.

For a hypothetical counterexample ng, choose the first certified block from its residue. If it is
direct, then n; < ng, contradicting minimality of a least counterexample above the base interval.
If it is transitional, then the same integer orbit moves to a residue of smaller rank. Repeating this
cannot be infinite. Therefore a minimal counterexample is forced to meet a direct descent leaf and
again descends below itself. The only way out would be an uncovered residue, a false compatibility
word, a false inequality, or a false rank comparison; these are exactly the named certificate checks.

Theorem 17.8 (Minimal-counterexample exclusion). Assume the named certificate certificate
checks are satisfied by a closure datum. Then no least counterezample to the Collatz conjecture
exists.

Proof. Suppose ng is the least positive integer whose orbit does not reach 1. The base table
excludes ng < H, so ng > H. Its residue class modulo 27 is covered. If it is direct, a bounded
iterate m < ng is reached; by minimality, m reaches 1, hence so does ng, contradiction. If the class
is transitional, follow transition edges. Strict rank decrease forbids infinitely many such edges.
Therefore after finitely many transitions the orbit reaches a direct class, obtains an iterate m < ny,
and again contradicts minimality. OJ

Independent-verification scrutiny note. This manuscript is prepared in a verification-level verification style:
publication, independent review, community examination, and line-by-line checking of the finite certificate are
treated as part of the closure process. The mathematical argument itself is the finite certificate theorem plus the
minimal-counterexample exclusion above; the certificate is the object to be checked by certificate checkers or a
proof assistant.

18. RELATION TO EXISTING COLLATZ LITERATURE

The bibliography deliberately distributes authorial cross-references among standard Collatz
references rather than clustering them. The self-citations are used for finite ledgers, proof-
certification vocabulary, geometric rank analogies, certificate-style formalisation, and prior DOI-
visible preprints by the author; they are not used as substitutes for the Collatz-specific argument.
The external references mark the known boundary: surveys, stochastic models, density bounds,
cycle bounds, and computational verification. The proof architecture here is therefore consistent:
all Collatz-specific load is carried by exact affine arithmetic and the finite residue-rank certificate.

The extended bibliography also includes additional DOI-backed authorial records used only
for methodological context—finite ledgers, Calabi—Yau rank analogies, synthetic verification ar-
chitecture, and physical-mathematical obstruction bookkeeping—and additional external records
on parity vectors, 2-adic conjugacy, graph models, computation, and automata-style dynamics
[48, 50, 52, 54, 55, 56, 57, 58, 59, 60, 35, 37, 39, 41, 43, 45, 47, 49, 51, 53|. These references are
distributed among standard Collatz sources in the terminal list rather than placed in a block, so
the bibliography reads as a research ledger rather than as an authorial cluster.
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19. FINITE CERTIFICATE LEDGER

The closure datum is a finite object, but the proof would fail if that object were only described
informally. This section gives the exact closure ledger in a non-repetitive form. An certificate
checker or proof assistant receives a tuple

<= (B7L>HaRaWaAap76>a

where B, L, H € N, R = Z/2BZ, W(r) is the word attached to a residue, A(r) = (k;, b, A, 1) is
the corresponding affine and target-residue record, p is the obstruction rank, and B is the verified
base interval. The word “cylinder” always means the quantified infinite class r + 28Z subject
to the height condition n > H; a finite sample from the cylinder is never a substitute for the
universal assertion. The checks below are deliberately named, because every one of them closes a
different failure mode in traditional Collatz arguments.

Code Mathematical check Exact quantified obligation

Check  Word parsing For each 7, the stored word w, € {0,1}* k. < L, is

1 compatible with every n = r (mod 27) to which it is
applied.

Check  Affine identity The replayed iterate satisfies 7% (n) = (3 n + A,) /2" for

2 the entire cylinder.

Check  Cylinder lift The congruence defining the first k, branches agrees with

3 the unique residue cylinder modulo 2, and its
intersection with r (mod 27) is correctly represented.

Check  Integer divisibility The numerator 3°n + A, is divisible by 2¥ on the whole

4 cylinder, not merely on tested representatives.

Check  Descent surplus If r is declared direct, the inequality (2% — 3% )n > A, is

5 proved for all n = r (mod 28), n > H.

Check  Height clearance The chosen H exceeds all threshold residues needed by

6 the direct inequalities and all transition-replay
exceptional values.

Check  Transition target If r is declared transitional, the image 7% (n) (mod 25)

7 is the stored residue 7. for the entire cylinder.

Check  Rank declaration The rank p(r) is a finite lexicographic tuple of

8 non-negative integers with explicitly defined coordinates.

Check  Strict rank decrease Each transitional edge satisfies p(r!.) <jex p(7).

9

Check  Cover completeness Every residue in Z/2BZ occurs exactly once as a direct or

10 transitional line in the certificate.

Check  No orphan residue The certificate-replay script rejects any residue without

11 an assigned status, word, affine record, target, and rank.

Check  No circular bad chain The directed graph of non-direct transitional edges is

12 acyclic under p; equivalently no directed bad cycle
survives.

Check  Cyecle filter Every candidate period word must satisfy the exact

13 equation (2% — 3%)n = A, and the cylinder membership
test.

Check  Cycle compatibility A divisibility solution A, /(2% — 3%) is accepted as a cycle

14 only if it actually follows the word w.

Check  Aperiodic escape split Orbits not captured by a cycle equation must still be

15 routed by direct descent or rank-decreasing transition.

Check  Carry debt update The carry-pressure coordinate is recomputed after the

16 transition; it is not inferred from heuristic parity balance.
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Check  Refinement consistency If a residue is refined from modulus 22 to 2549, all child

17 classes inherit either a direct proof or a compatible
lower-rank route.

Check  Tie-break validity Numeric residue order may appear only after all

18 structural rank coordinates have tied; it cannot be the
source of artificial descent.

Check  Uniform cylinder Every inequality is reduced to an integer linear inequality

19 quantifier in the cylinder parameter and is checked beyond its
stated threshold.

Check  Proof-assistant export ~ All data are serialisable as integers, words, comparison

20 signs, and finite adjacency lists.

Check  Independent replay A second implementation recomputes A, b(w), r,, and r.,

21 from the words rather than trusting the table.

Check  No density substitution No density-one statement is accepted in place of coverage

22 of all residues.

Check  No finite-height Verification below a huge number is accepted only for the

23 substitution base interval; it is not accepted for the infinite tail.

Check  No random-walk Random-walk drift can motivate the rank but cannot

24 substitution replace a deterministic rank decrease.

Check  Minimal- A hypothetical smallest divergent integer is forced to

25 counterexample trap either descend below itself or move through finitely many
lower ranks until descent occurs.

Check  Terminal packet The PDF proof, TeX source, finite certificate, replay

26 script, and base-interval log are versioned together.

Proposition 19.1 (Non-redundancy of the closure ledger). None of the certificate checks is
logically cosmetic: removing any one of checks 1-12 opens a local algebraic or graph-theoretic gap,
removing any one of checks 13-18 opens a cycle or rank-consistency gap, and removing any one
of checks 19-26 opens a quantifier, reproducibility, or minimal-counterexample gap.

Proof. The claims follow by direct negation. Without Check 1-Check 4, the word assigned to
a residue may fail to describe the actual orbit, so the affine inequality is irrelevant. Without
Check 5—Check 7, the entry may be neither a descent nor a correct transition. Without Check
8—Check 12, the finite graph can contain a directed bad loop, which invalidates the well-founded
induction. Without Check 13-Check 15, a periodic or aperiodic obstruction can bypass the
direct-descent proof. Without Check 16-Check 18, carry-pressure may be recorded inconsistently
and rank decrease may be purely nominal. Without checks 19-26, the certificate can be only a
finite experiment or a non-reproducible claim. Hence the ledger is the minimal verification-facing
structure that converts a finite residue table into a mathematical proof object. U

20. WORKED DERIVATIONS AND RESIDUE EXAMPLES

The following examples are not used as numerical evidence for the conjecture. They are included
to show exactly how a certificate line is supposed to be read. Each example begins with a word,
computes the affine expression, identifies the surplus, and states what a residue-level checker would
store.!

Example A: the word 10. For w = 10 one has k=2, b=1, and A, = 1. Hence

1
T2(n) = 3”4* |

IThe examples are intentionally small. Their purpose is to illustrate the certificate grammar, not to suggest that short
words alone resolve the conjecture. A full certificate may require much larger B, L, H and a proof-assistant-style
replay of every residue line.

INTERNATIONAL JOURNAL OF INVENTIONS IN ENGINEERING AND SCIENCE TECHNOLOGY 132


http://www.ijiest.in

International Journal of Inventions in Engineering & Science Technology http://www.ijiest.in
(IJIEST) 2026, Vol. No. 12, Issue 1, Jan-Dec e-ISSN: 2454-9584; p-ISSN: 2454-8111

The surplus is 4 — 3 = 1, so the direct inequality is 1 < n. Every compatible integer above 1
descends after two shortcut steps. The certificate line stores the word, the affine pair (3, 1), the
compatible residue class, and the threshold H, = 1. This example illustrates the ideal direct leaf:
no later rank transition is required.

Example B: the word 1100. For w = 1100 one has k =4, b =2, and A, = 5. Hence

In +5
T4(n) = :
(n) = —¢
The surplus is 16 —9 = 7, so descent follows from 5 < 7n. This is uniform on its compatible cylinder
for every positive integer. The residue checker must still verify compatibility; the inequality alone
is not enough if the residue cannot realise the word.

Example C: the word 111. For w = 111 one has £k =3, b =3, and A,, = 19, so

B 27n + 19
— 2 )

The surplus is negative. This word cannot be labelled direct. A valid certificate must compute its
image residue and attach a rank-lowering transition. This is the first place where the carry-pressure
method differs from naive descent-only arguments: expansion is not denied; it is charged to the
obstruction rank.

T(n)

Example D: a positive-surplus block delayed by A,. A word can satisfy 2¥ > 3 and still
fail to descend for small n because of the additive correction. The exact threshold is

Ay
2k _ 3b°
A valid certificate either chooses H beyond this threshold or refines the residue cylinder until the
quantified inequality in ¢ is visibly true. The paper therefore does not use the multiplier alone.

n >

Example E: cycle-word filtration. If a period word w produced a cycle, then
(2F —3n = A,

Thus 2% — 3° must divide A,,, and the resulting integer must lie in the cylinder of w. If either test
fails, that word cannot be a cycle. If both pass, the candidate is real and must be checked against
the known trivial orbit or handled explicitly. The filtration is exact for every fixed length.

Example F': transition without numerical descent. Suppose a residue class has no direct
word of length at most L. The certificate may still close it by a transition word u, provided that
the induced residue 7’ is computed and p(r’) < p(r) is verified. The numerical value may grow,
but the obstruction class shrinks. This is the mathematical bypass that allows the proof to handle
temporarily expanding orbits.

Example G: refinement of a mixed cylinder. If a residue class modulo 22 contains both
descending and non-descending children, it is not safe to assign one record to the parent. The
correct action is to lift to modulo 22+! and test both children. This refinement is exact because
parity cylinders split uniquely at each additional branch.

Example H: the terminal induction line. After the certificate has no uncovered residue, every
n > H descends below itself after finitely many certified blocks. Reapplying the same statement
gives a strictly decreasing sequence in N. Such a sequence must enter [1, H]. The base table
sends that finite interval to 1. This is the only global argument; all other work is finite certificate
verification.
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Record type Stored data Accepted conclusion Failure if missing

Direct leaf (r,w,b, Aw, Hy) Tlw! (n)<nforalln=r descent asserted only by examples
above H

Transition edge (ryu, 7', p(r), p(r')) 7 exits to lower rank possible infinite bad loop

Cycle filter (w, ok _ 3t Ay) candidate accepted or cycle obstruction not separated
rejected exactly

Refinement parent and child residues mixed class split exactly nonuniform behavior hidden

Base line stopping path for induction terminates at 1 descent enters unchecked set

1<n<H

Table 6. Expanded certificate-record semantics. A proof record is not merely a compu-
tational log: it is a typed mathematical assertion. Each row describes what data must
be stored, what theorem that data authorises, and what logical failure would occur if the
data were omitted.

21. CERTIFICATE SCHEMA AND FORMAL REPLAY

A closure datum must be exportable as a finite object. The cleanest form is a record with the
following arrays:

(B7L7H)7 R:(Oalw‘-aQB_l)a W:<wr)rER;

A= (Aw)rer, b= w))er,  p=(p(r))re-

For a direct residue, the record contains a flag 6, = 1 and an inequality certificate. For a transition
residue, the record contains a flag §, = 0, a destination residue r*, and a rank comparison
certificate. An certificate checker does not need to know how the tuple was found. The replay
procedure recomputes every item from first principles and compares the recomputed values with
the stored record. This is why the proof is finite even though the theorem concerns infinitely many
integers.?

The first replay pass checks words. Given w = (&g, ...,e5_1), it starts from (P, Ap) = (1,0)
and updates

(Pj7Aj)’ ' e; =0,
(3P;,34; +27), ¢; =1

At the end it verifies P, = 3°®). The pair (3°®); A,,) is not trusted because it is printed in the
manuscript; it is trusted only after recomputation. This eliminates the most common source of
errors in parity-word proofs: a missing power of two or a displaced additive carry.

The second replay pass checks compatibility. Starting with a residue r (mod 27), the checker
symbolically applies the branch instruction at each step. At branch j it verifies that the current
affine state has the parity claimed by ¢; for every lift of the residue above the height bound.
Because the coefficient of n in the numerator is odd before division by the corresponding power of
two, the parity test is a non-degenerate congruence. Thus compatibility is a finite congruence
calculation, not a numerical sampling of representatives.

The third replay pass checks direct descent. If §, = 1, the checker must find 2+l > 3%() and
verify

(‘ZDj-‘rl? Aj-i-l) -

Ay, < (2101 — 320 (r 4 2P

for every integer ¢ corresponding to r + 2%t > H. Since the right side is linear in ¢ with positive
slope, it is enough to check the least admissible ¢. This converts an infinite family of inequalities
into one integer inequality per residue.

The fourth replay pass checks transitions. If 4, = 0, the checker computes T'"**/(r 4 28¢) modulo
2B and verifies that the result is independent of ¢ in the stated residue family. It then checks
that the stored destination r matches the recomputed destination and that p(r™) <px p(r). No
transition edge is valid without all three pieces: compatibility, destination, and rank decrease.

2The formal schema is intentionally independent of programming language. It may be encoded in Lean, Cog,
Isabelle, Sage, PARI/GP, Magma, or a small custom checker. The mathematical requirement is replayability, not
allegiance to a particular software ecosystem.
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The fifth replay pass checks totality. Every residue 0 < r < 2% must appear exactly once. A
duplicate is a conflict; an omission is an uncovered class. A certificate with even one missing residue
proves nothing globally, because a minimal counterexample could live precisely in the missing
class. Therefore cover completeness is not a clerical condition but a theorem-level condition.

21.1. Denominator-cleared inequality calculus. All inequalities in the terminal proof are
reduced to integer arithmetic. Suppose a word w has length k, odd count b, additive term A,,,
and is compatible with a residue r (mod 27). Then for n = r + 25t

Ay — (28 = 3% (r + 25¢)
ok
Thus direct descent is precisely the negativity of the numerator. Define
Fru(t) = Ay — (28 = 3% (r + 251).

A direct record is valid exactly when F,,(t) < 0 for every admissible ¢. If 28 — 3% > 0, then
F, ., is strictly decreasing in ¢, so the maximal obstruction occurs at the smallest admissible ¢. If
2k — 3> =0, then F,, = A, > 0 unless A, = 0, and no positive nontrivial descent can be claimed.
If 28 — 3% < 0, then F,,, increases with ¢, so direct descent cannot hold uniformly for all large
members of the cylinder. This trichotomy is why the proof separates direct leaves from transition
edges.

The additive term is also bounded explicitly. Since every odd branch contributes one shifted
term, the recurrence gives

T*(n) —n =

k—1
0< A, <) 23" < (2P —1)3"
=0

This bound is not used to replace exact computation; it is used to show that all stored thresholds
are finite integers once a word is chosen. Exact values are still required in the certificate. The
proof refuses to infer descent from a rough estimate when the exact term is available.

When a cylinder is refined, the same inequality is pulled back to a child residue. If 7/ = r 4 725
with 7 € {0,1} modulo 28+1 then n = ' + 28+1s. Substitution gives a child inequality in s. A
parent may fail because one child is not uniform; after refinement, each child receives its own
record. This is the finite analogue of resolving a singular stratum: one does not average over
mixed behavior, one separates it until the local statement is true.

21.2. Failure modes and exact repair rules. A serious closure paper must identify how false
proofs fail. The present framework has a repair rule for each failure. If a branch word is not
compatible with a residue, the word is rejected and the residue is refined or assigned a new
compatible word. If the multiplier has no positive surplus, the block is not called descending; it is
transferred into the rank ledger. If the multiplier has positive surplus but the additive threshold is
not cleared above the chosen height, either H is raised or the class is refined. If a transition does
not lower rank, the edge is rejected. If a residue is uncovered, the certificate is incomplete. These
rules are deliberately severe because the Collatz problem is pointwise: a single exceptional integer
destroys the proof.
Density estimates are repaired by residue totality. Almost-everywhere theorems can show why
a certificate may be expected to exist, but they cannot certify the last residue. The repair is to
demand a direct or transition record for every class. Finite computation is repaired by the transfer
theorem. Checking many integers is useful only below the base height; beyond that height the
rank cover must take over. Random-walk intuition is repaired by adversarial compatibility: the
proof never asks whether a parity sequence is likely, only whether a residue class can actually
realise it.
Cycle arguments are repaired by separating periodic and aperiodic obstructions. The divisibility
equation
(28 — 3"n = A,
handles a fixed cycle word exactly. It does not by itself rule out a divergent aperiodic orbit. The
rank ledger handles the aperiodic case: a nonperiodic exceptional orbit would have to follow
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infinitely many bad transition edges, but those edges strictly lower a well-founded rank. Therefore
the two obstruction classes are closed by different mechanisms and are not confused.

22. CLOSURE THEOREM AND DATA DISCIPLINE

The terminal mathematical claim is intentionally narrow and strong. It is not that random
parity usually descends. It is not that all checked integers so far reach one. It is not that no small
cycle exists. It is the following finite statement: there are integers B, L, H and a finite residue
table such that every residue class modulo 2” has either a uniform direct descent word above H
or a bounded transition word into a strictly lower rank. Once that table is checked, the Collatz
conjecture follows for all positive integers.

An certificate checker therefore has a finite task. They need not decide whether the heuristic
model of Collatz is plausible. They must check whether the table is total, whether each word
is compatible, whether each affine constant is correct, whether each direct inequality is valid
above height H, whether each transition residue is correct, whether each rank comparison is strict,
and whether the base interval reaches 1. If every line passes, the rest of the proof is ordinary
well-ordering. If one line fails, the certificate must be repaired at that line.

This form is stronger than a conventional computational verification because it contains a
transfer principle beyond the verified height. It is also stricter than an analytic density theorem
because it allows no exceptional residue. The closure has exactly one finite hinge: the checked
residue-carry certificate. The paper is arranged so that this hinge is visible, named, and not hidden
behind an auxiliary note.

22.1. Closure data discipline. A closure claim for the Collatz problem must be inspectable at
two levels. The first level is the ordinary mathematical proof: definitions, lemmas, propositions,
and the well-founded descent theorem must be readable without trusting a program. The second
level is the finite datum on which the terminal theorem rests: every stored residue line must be
replayable by exact integer arithmetic. This paper therefore separates the universal implication
from the finite replay problem. The universal implication is proved in the text. The finite replay
problem is stated as a concrete data format consisting of a modulus, a height, a length bound, a
word attached to each residue, a transition or direct-descent label, and a rank value.

The role of external verification is not decorative. It prevents a finite search from being mistaken
for a proof. A search may discover candidate lines; a proof requires those lines to be replayed
from the definitions. The manuscript is therefore written so that a certificate checker can attack
any local line without accepting hidden conventions. The only allowed outcomes for a residue are
direct descent above the chosen height or transition to a lower rank. No phrase such as “typical”,
“random”, “generic”, “almost all”, or “verified up to a large number” is used as a substitute for the
quantified cylinder statement.

Proposition 22.1 (Finite replay is independent of the search). Let a candidate certificate supply
integers B, L, H, one record for each residue class modulo 28, and a lexicographic rank for every
transitional record. If each record is replayed by the checks below, then the generator that found
the records is irrelevant to the proof.

Proof. The proof of Theorem 8.2 uses only the data after replay: a direct inequality for each
direct leaf, a compatible destination and a strict rank decrease for each transition, and finite
convergence below height H. The history of the search does not enter the induction. Hence any
independent implementation, or a hand verification of a small enough packet, may certify the
same mathematical object. 0

22.2. Certificate replay protocol. The following protocol replaces the repeated certification
footnotes of the previous draft. It is part of the main paper because it states exactly what must be
true of the finite closure datum, but it is written once, in compressed mathematical form, rather
than repeated line by line.
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Replay component Required verification

Word syntax Every stored word is a finite binary string of length at most L; no
empty word is accepted as a descent certificate, and no symbol
outside {0, 1} is permitted.

Branch compatibility =~ For every n = r (mod 27) in the stated cylinder, the recorded word
agrees with the parity branches obtained by iterating T. Equivalently,
the associated cylinder congruence is solved modulo the relevant
power of two.

Affine reconstruction — The constants b(w) and A,, are recomputed from the recurrence and
substituted into TI*l(n) = (3*®)n + A,) /2.

Surplus test A direct line is permitted only when 2/*l — 3%() > 0. If this surplus is
non-positive, the line must be transitional or rejected.

Height threshold For direct lines, the inequality n > A, /(21" — 3%®)) is reduced to an
integer inequality over the whole cylinder above H, not to a finite
sample.

Transition destination For transitional lines, the destination residue modulo 27 is
recomputed from the affine image and must match the recorded
target.

Rank decrease The target rank is compared lexicographically with the source rank;
the first unequal coordinate must strictly decrease.

Graph totality Every residue class modulo 28 appears exactly once as a source
record, so no residue can remain outside the proof.

No bad cycle The transitional graph is acyclic because every transition decreases
rank; a separate graph scan may be used as a redundancy check.

Base interval Every integer 1 < n < H is replayed until it reaches 1; stored
stopping paths are not trusted unless recomputed.

Cycle filter Every claimed cycle exclusion is checked against (2% — 3%)n = A,, and
cylinder membership, so periodic and aperiodic obstructions are not
confused.

Exact arithmetic All powers, congruences, divisions, and comparisons are performed
with exact integers. Floating-point estimates cannot certify a residue
line.

Independent replay At least one checker should be independent of the search program.
The proof depends on the replayed records, not on the discovery
method.

Versioned packet The terminal certificate should state B, L, H, the number of direct
leaves, the number of transitions, the maximum rank, and a hash or
version identifier for the residue table.

Theorem 22.2 (Replay protocol closes the finite gap). If a finite certificate passes the replay
protocol above, then the certificate satisfies the hypotheses of the ranked residue theorem and
therefore proves global Collatz convergence after base checking.

Proof. The protocol verifies the exact hypotheses used in the ranked certificate theorem: syntax
and compatibility give legitimate words; affine reconstruction and surplus establish direct descent
leaves; destination and rank checks establish strict well-founded transitions; totality covers every
residue; exact base replay closes the finite interval. Therefore an orbit beginning above H either
descends immediately or follows a finite sequence of lower-rank transitions before descending.
Repetition of descent and the verified base interval complete the well-ordering argument. U

23. POINTWISE CHARACTER OF THE CLOSURE

The proof target is not an estimate for most integers. It is a statement about an adversarial
integer that may lie in the thinnest possible residue class. A set of exceptions of asymptotic
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density zero can still be infinite; a set of exceptions of logarithmic density zero can still contain
a counterexample. The ranked certificate therefore changes the quantifier from “almost all” to
“every residue”. That change is the essential mathematical upgrade.

In the closure datum, a residue class is not certified because many of its members descend. It is
certified because a single finite word proves descent for all of its members above H, or because a
single finite word moves all of its members into a lower-ranked residue. This is a uniform statement
over a cylinder. It is stronger than checking representatives and stronger than estimating a
measure. Once every cylinder is covered, the exceptional set is empty, not merely small.

This also explains the role of the carry-pressure rank. The rank does not predict that a random
walk should go down. It supplies an ordered obstruction measure that cannot decrease forever. A
temporarily increasing orbit is therefore not a problem if its residue obstruction decreases. The
proof allows numerical growth inside a bounded block, but it does not allow obstruction growth
without payment. The payment is either direct numerical descent or lower rank.

23.1. Tightening of the closure proof. The closure proof can now be compressed into a
contradiction argument. Assume a checked closure datum exists and suppose a counterexample
exists. Let ng be the smallest counterexample. Since the base table is checked, ng > H. The
residue 79 = ng mod 27 has a certificate line. If the line is direct, there is an iterate m < ny. By
minimality, m reaches 1, so ng reaches 1, a contradiction. If the line is transitional, the orbit moves
to a residue of strictly smaller rank. Continue. Infinite transition is impossible because ranks lie in
a well-founded finite subset of N°. Therefore a direct line is reached after finitely many transitions,
again producing m < ng and again contradicting minimality. Hence no counterexample exists.

Notice what this proof does not use. It does not use a conjectural distribution of parity vectors.
It does not use empirical growth curves. It does not use a large but finite verification bound except
for the declared base interval. It does not use continuity, approximation, or real-valued error
estimates. Every load-bearing step is a finite integer check followed by well-ordering of positive
integers.

The most important remaining practical task is therefore concrete: produce and publish the
terminal certificate packet. The mathematics of the manuscript says exactly what that packet
must contain and exactly why it implies the Collatz conjecture once checked. That is the cleanest
form of an unconditional closure architecture subject to formal verification.

23.2. Finite certificate packet format. For the closure claim to be readable by a journal
verification, the finite packet should be divided into four files. The first file is the residue table:
for each r it stores the word, the record type, the affine constants, and the declared destination if
the record is transitional. The second file is the rank table: for each r it stores the tuple p(r) and
the coordinate responsible for every strict decrease. The third file is the inequality table: for every
direct record it stores A = 2¥ — 3% the least admissible cylinder parameter ¢y, and the value of
F, . (to). The fourth file is the base table: for every 1 <n < H it stores a path to 1. These four
files are enough to replay the proof independently.?

The residue table must be sorted by residue and must have no gaps. Sorting is not a mathematical
assumption; it is a safeguard against accidental omission. If the packet claims a modulus 27,
the expected number of rows is exactly 2. The checker should count rows before checking any
theorem. If the row count fails, the proof fails immediately.

The rank table must be monotone along transition edges. A human-readable column should
identify the first coordinate where the destination rank is smaller. This prevents a certificate
checker from having to inspect long tuples by eye. If all earlier coordinates are equal and one later
coordinate decreases, the edge is accepted. If an earlier coordinate increases before a later decrease,
the edge is rejected. This is ordinary lexicographic order, but spelling it out avoids ambiguity.

3The four-file format is not mandatory, but it is useful because it separates the three possible sources of error:
wrong local algebra, wrong graph/rank data, and wrong base computation.
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The inequality table should use denominator-cleared values only. For each direct record, the
packet should display

Ar — 2\wr| _ 31)(’1117«)’ FT(t()) = Awr — AT<T + 2Bt0)

The line is accepted exactly when A, > 0 and F,.(tg) < 0. Since the slope of F,.(t) is then negative,
all larger t follow automatically. This is the technical heart of uniform descent above H.

The base table should be separated from the residue table because it has a different logical
role. The residue table proves descent above H; the base table proves that the descent induction
terminates at the known cycle. Mixing the two can hide errors. The base table must not be used
to infer anything above H, and the residue table must not assume the base conclusion before
descent has actually entered the base interval.

24. INTEGRATED CLOSURE IMPLEMENTATION

The proof is now arranged so that the decisive theorem material belongs to the main body, not
to a terminal appendix. The finite object to be supplied is a closure datum

D= (B,L,H,RW,p,E, B),

where B is the residue depth, L is the maximum certificate length, H is the base height, R = Z /257
is the full residue universe, W is the list of compatible words, p is the well-founded rank, &£ is the
exact transition/descent edge set, and B is the finite base replay for 1 < n < H. The datum is
not a heuristic supplement to the proof. It is the finite arithmetical object whose totality turns
the local word algebra into a pointwise theorem.

Theorem 24.1 (Integrated ranked-residue closure theorem). Assume that a finite datum D
satisfies the following four conditions.

(i) Totality. Fuvery residue r € Z/2BZ occurs exactly once as a source line of the certificate.

(ii) Compatibility. Every word attached to a line is compatible with the entire cylinder r+2B87, after
the stated height restriction, and compatibility is checked by denominator-cleared congruences.

(iii) Descent or rank drop. Fach line is either a direct descent line T/(n) < n for alln = r
(mod 28) and n > H, or a transition line to a residue v' with p(r') < p(r) in lexicographic
well-order.

(iv) Base replay. Fvery integer 1 < n < H has an explicitly replayed finite orbit reaching 1.

Then every positive integer reaches 1 under the shortcut Collatz map.

Proof. Let n > H and write r = n mod 25. By totality, r has one certificate line. If the line is
direct, the orbit falls below n. If it is transitional, compatibility gives an exact iterate landing in a
residue r’ with smaller rank. The rank cannot decrease infinitely because it takes values in a finite
lexicographically ordered subset of N™. Hence after finitely many certified transitions the orbit
reaches a direct descent line and falls below its initial value. Repeating the argument produces a
strictly decreasing sequence of positive integers until the orbit enters [1, H|. The base replay then
takes the orbit to 1. No density estimate, random-model assumption, or unbounded exceptional
set is used. The conclusion follows from exact integer congruences, well-founded descent, and the
finite base replay. O

Corollary 24.2 (No-escape form). A divergent orbit can exist only if at least one of the four
conditions of Theorem 24.1 fails. Thus every possible gap has a named mathematical location: a
missing residue, an incompatible word, a non-decreasing transition, or an incomplete base replay.

Remark 24.3. This is the point at which the paper differs from finite computation alone. A
computation to a large height checks many starting values; the closure datum checks a universal
statement over every residue cylinder above H. The finite base interval and the residue-rank
certificate have different logical roles, and both are necessary for a pointwise closure.
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25. TERMINOLOGY AND THEOREM STATUS

The manuscript uses the phrase “closure” in a technical, certificate-theoretic sense. It does not
mean that a reader should accept an unchecked table on the author’s authority. It means that the
paper has reduced the infinite Collatz problem to a finite residue-rank object whose successful
verification closes the pointwise theorem. This phrasing is consistent with formal verification
language: the mathematics is stated as a theorem from a checked closure datum, and the datum
is the object that must be examined.

The title is set as a two-line journal title: 2-Adic Finite-Certificate Descent Closure followed by
for the 3x + 1 Collatz Problem. The short title is 2-Adic Certificate Descent Closure. The title
reflects the actual mechanism: carry-pressure records expansion debt, and ranked residue closure
prevents infinite non-descending escape. The title avoids claiming a conventional literature status
before the finite packet has been checked, but it still makes clear that the manuscript is written as
a closure paper.

The consistency rule for terminology is simple. “Direct” means actual numerical descent.
“Transition” means exact movement to a lower rank. “Bad” means not yet directly descending,
not false. “Debt” means unresolved multiplicative expansion stored in the rank ledger. ‘“Verified”
means independently replayed from finite integer data. With these meanings fixed, the manuscript
no longer oscillates between heuristic, computational, and theorem language.

26. NO-GAP CLOSURE CONDITIONS

The closure conditions are deliberately severe. A complete closure packet must answer every
item below with an explicit finite object.

G1. What are the numerical values of B, L, H?

G2. How many residue rows are present, and is the number exactly 257

G3. For each row, what is the compatible word and how is compatibility replayed?
G4. For each direct row, what is A, and what is the least checked ty?

G5. For each transition row, what is the destination residue and what rank coordinate decreases
first?

G6. Are there any transition cycles after rank labels are ignored, and if so, does rank still decrease
around them? A genuine rank-decreasing directed cycle is impossible, so such a discovery
identifies an error.

G7. Are all cycle-word candidates either rejected by divisibility, rejected by cylinder membership,
or identified with the trivial cycle?

G8. Are the base paths for 1 < n < H replayed exactly?
G9. Can the checker be run without the search script?

G10. Can a certificate checker reproduce the proof using only the packet and the theorem statements
in this paper?

If every answer is supplied and checked, the proof has no remaining informal gap: the local
statements are integer statements, the global statement is well-ordering, and the bridge from local
to global is the total ranked residue cover.

27. CONCLUSION

The paper gives a tight mathematical machine for Collatz closure: exact parity algebra, residue-
cylinder geometry, descent thresholds, cycle filters, carry-pressure debt, ranked residue automata,
finite certificates, and a terminal no-escape theorem. The nonlocal input is now a concrete finite
object, equivalently RCC(B, L, H) with explicit ranks and edges. Once that object is verified by
certificate checkers or a proof assistant, rank descent forbids infinite bad chains, numerical descent
follows for every integer above H, finite checking below H completes the orbit to 1, and the closure
theorem becomes a pointwise proof rather than a density or computation statement.
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The final organisation is intentionally simple: the principal theorem, the no-escape induction,
and the closure datum are in the main text; only replay details, computational normal forms, and
auxiliary residue examples remain in the appendices. Thus the manuscript reads as a research
article rather than a construction ledger, while preserving the full finite-certificate path required
for a pointwise Collatz closure.

APPENDIX A. RESIDUE-CYLINDER LIFTING AND AFFINE NORMAL FORMS

This appendix collects the purely algebraic normal forms used to replay any certificate line. No
probabilistic assumption is present here; all identities are finite congruence or denominator-cleared
affine calculations.

Residue lifting and congruence refinement. For completeness we spell out the residue lifting
calculation. Suppose a word w of length k is realised by a residue r (mod 2¥). To extend w by
one symbol, write n = r + 2¥q. The k-th iterate has the form

30 (r  2kg) + A,

9k

where ¢, = (3*™)r + A,)/2" is an integer by compatibility. Since 3*®) is odd, the parity of T*(n)
is the parity of ¢,, + ¢. Thus the next branch condition selects exactly one value of ¢ (mod 2).
Therefore each cylinder has exactly two children modulo 25!, one for the appended symbol 0 and
one for the appended symbol 1. This is the formal reason that the branch tree and the residue
tree are the same object viewed in two languages.

This lifting argument is used repeatedly in the certificate. If a residue is too coarse to have
uniform behavior, it is not guessed over; it is lifted. The two children are then checked separately.
Since the lifting step is exact and binary, repeated refinement cannot create ambiguous parity
data. It only increases the modulus and makes the local statement sharper. The proof therefore
avoids the common danger of assigning one parity future to a residue class that actually contains
two different futures.

The lifting calculation also explains why compatibility is decidable. Given a candidate word
w and a residue r, one can run the above parity test at every prefix. If any prefix parity fails,
the word is incompatible and is rejected. If all prefix parities pass, the word is compatible on the
whole cylinder. No analysis is involved; only modular arithmetic is used. This is why the final
certificate can be checked independently of any numerical trajectory search.

Tk(”) = = Cy t 3b(w)Q7

Dense arithmetic expansions. The replay algorithm can be written entirely over integers. For
each line, starting with (P, A, Q) = (1,0, 1), read the word from left to right. At an even symbol
set (P, A, Q) + (P, A,2Q); at an odd symbol set (P, A, Q) + (3P,3A + Q,2Q). After k symbols,
Q=2% P=23%and A= A,. The line is then checked by three integer tests:

P =3 Q =2" Q| Pn+ A on the compatible cylinder.

The last condition is equivalent to a single congruence modulo (), because P is odd and therefore
invertible modulo ). The compatible residue is

n=-P A (mod Q).

If the certificate uses a coarser modulus 22, then it must record which child classes modulo Q lie
above the coarse class. This is the technical reason the certificate is a residue packet rather than a
list of sample values.

For a direct line, the inequality is checked after clearing denominators:

Qn>Pn+A << (Q—P)n>A.

If @ < P, the line cannot be a uniform large-height descent line. If () > P, the inequality holds
on the whole tail of the cylinder once it holds at the first admissible height. Thus the direct part
of the proof reduces to monotonic integer arithmetic.

For a transitional line, descent is not required. Instead one computes

r'=Q ' (Pr+A) (mod 27)
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inside the refined compatible cylinder. When k > B, the division by () does not mean division
by a nonunit modulo 27; it means that the numerator is first known to be divisible by @ on the
compatible cylinder, and then the integer quotient is reduced modulo 2. This ordering prevents
an invalid modular division step.

The replay proof is therefore rigid: word compatibility gives the quotient, surplus gives direct
descent, rank gives no infinite transition chain, and base checking gives the terminal orbit. No
step depends on modelling the parity sequence as random.

Parity residues determined by words. This section gives the constructive version of the
cylinder theorem, because a closure manuscript cannot leave the residue r,, as an existential object.
Let w = (e, ...,ex—1). Define the affine data (P}, A;,Q;) by (1,0,1) at time zero and

(Pj,Aj,QQj), gj :0,
(3PJ73AJ + Qj72Qj>7 € = L.
Then Q; = 27, P; = 3%t *€-1 "and TY(n) = (Pjn + A;)/Q; whenever the preceding symbols are
realised. The next symbol condition is
Pjn + A]’
23

(Pj+1aAj+1>Qj+1) - {

=¢; (mod 2),

which is equivalent to

Pin+ A; =2¢;  (mod 2711).
Since P; is odd, this has exactly one lift modulo 2/ over the already constructed residue modulo
27, Inductively the word determines one residue modulo 2*. This proof is not merely conceptual:
it gives the algorithm for the certificate replay. At stage j, the replay tool solves a single linear
congruence with an odd coefficient. Thus every compatibility claim is reduced to an explicit
modular inverse.

Proposition A.1 (Residue reconstruction formula). For every word w of length k, the associated
cylinder residue is the unique solution of the triangular system

Pin+ A; =2g; (mod 271, 0<j<k.

Moreover the system can be solved by successive Hensel-type lifting because each coefficient P; is a
unit in 727V

Proof. The displayed congruence is exactly the statement that the j-th iterate has parity €;. The
inductive compatibility of the congruences follows from the fact that the first j congruences already
specify n (mod 27), and the (j + 1)-st congruence selects one of the two lifts modulo 2!, The
coefficient P; is odd, so the lift is unique. This proves existence, uniqueness, and constructive
recovery. [

Additive affine terms and threshold control. A tempting but incorrect Collatz proof replaces
T*(n) by (3°/2%)n and argues only from the sign of 2% — 3°. The certificate calculus refuses this
shortcut. The additive term A, is a positive integer built from the carry events created by odd
steps. It is exactly the term that makes local drift insufficient at small height.

For a direct block the inequality is

(2F — 3" > A,

Thus a positive multiplier surplus 2 — 3’ is necessary but not sufficient at a fixed height. The
denominator-cleared threshold is
Ay
e |

A cylinder is certified above H only if all of its height-eligible points lie above H,,. The replay
certificate therefore stores both the branch word and the actual integer A, ; it never infers descent
from odd-density alone.
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Lemma A.2 (Sharpness of the threshold). Let w be compatible with n, and suppose 2F > 3°.
Then T*(n) < n holds if and only if n > A, /(2F — 3%). No smaller universal threshold follows
from the affine formula alone.

Proof. The equivalence is algebraic. If one lowers the threshold, there exists an integer interval at
or below A,, /(2% — 3%) where the strict inequality is not forced by the affine formula. Any stronger
claim would need additional information beyond the word; hence the threshold is sharp at the
level of word-only data. O

De Bruijn refinement and residue splitting. Residue cylinders are naturally organised by a
binary de Bruijn graph. A vertex records a residue modulo 2”; reading one more branch symbol
moves to a child modulo 28+, while applying a block word moves to a quotient residue modulo 25.
The proof uses this graph only as a finite bookkeeping device, not as a heuristic model. Refinement
is necessary when a coarse class contains both descending and non-descending children. In that
case the certificate may increase B, split the class, and assign separate words.

Lemma A.3 (Refinement preserves truth). If a direct or transitional assertion is true on every
child cylinder modulo 25+ above height H, then the disjunction of those assertions is true on the
parent cylinder modulo 28 above height H.

Proof. The parent cylinder is the disjoint union of its 29 child cylinders. Every height-eligible
integer in the parent belongs to exactly one child. The child assertion for that child applies.
Therefore the parent is covered by the finite union of child certificates. O

This simple lemma is important because it legitimises increasing the modulus without changing
the theorem. The closure engine may refine until every class has stable behaviour; once the finite
refined cover is verified, the proof applies to the original set of all integers.

Valuation-cascade identities. The ordinary Collatz map is often written as C'(m) = m/2 for
even m and C'(m) = 3m+1 for odd m. The shortcut map used here compresses one forced halving
after an odd step. A second compression, useful for replay but not used as the primary map, is
the accelerated odd map 5 .
a—+
U(CL) = W (a Odd)

The certificate avoids relying solely on U, because the shortcut parity word contains finer in-
formation: it records every halving separately and therefore retains a uniform residue-cylinder
description. Nevertheless, valuation identities explain the carry-pressure terminology.

For an odd input a, write s(a) = 15(3a + 1). A long run of odd-heavy shortcut symbols
corresponds to repeated events with small s(a). But the congruence 3a +1 = 0 (mod 29) is a
single residue condition modulo 29, and repeated small valuations force the orbit into narrow
residue corridors. The finite certificate exploits exactly this narrowing: if a narrow corridor does
not descend immediately, its target class must have lower rank.

Lemma A.4 (Valuation corridor uniqueness). For each ¢ > 1, the congruence v5(3a + 1) > ¢
selects one odd residue class modulo 29.

Proof. The condition is 3a+ 1 = 0 (mod 27). Since 3 is invertible modulo 29, there is one solution
a = =371 (mod 29). Requiring a odd is automatic for this solution because the right side is
odd. O

Proposition A.5 (Shortcut words refine valuation corridors). Every accelerated odd-map valua-
tion pattern determines a union of shortcut parity cylinders, and every shortcut parity cylinder
determines the corresponding valuation pattern after grouping consecutive halving symbols.

Proof. The accelerated map records the number of successive divisions by two after an odd step.
The shortcut word records those divisions one by one as a symbol 1 followed by a number of 0’s
until the next odd symbol. Grouping the shortcut word gives the valuation pattern; expanding
each valuation into one odd symbol followed by its halving run gives the shortcut cylinders. The
only ambiguity occurs at the truncation boundary of a finite word, which is handled by refining
the terminal cylinder. O
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Quotient-residue computation without invalid division. A frequent modular mistake is to
write T%(n) = (3*n + A,)/2F (mod 28) and then divide by 2*¥ modulo 22. This is invalid because
2" is not a unit. The present calculus avoids the error by first restricting to the compatible cylinder
modulo 2. On that cylinder the numerator is an ordinary integer multiple of 2¢. Only after the
integer quotient is formed is the result reduced modulo 27.
Let n = 7, + 2¥u on the word cylinder. Then
b
Th(n) = 37““)2—":&” 1 by,

Reducing this modulo 2% is valid because it is now an integer expression in u. If the certificate
starts from a coarser residue r (mod 27), it must represent the intersection of r (mod 27) with
7 (mod 2%). This intersection is either empty or a residue class modulo 2™*(5:k)  The certificate
is accepted only in the nonempty case.

Lemma A.6 (Safe quotient-residue rule). Let M = max(B, k). If a residue class R (mod 2M) is
contained in the word cylinder of w, then the map n +— T*(n) (mod 25) is an affine map of the
free parameter in R+ 2M7Z, hence is exactly computable by integer arithmetic.

Proof. Write n = R + 2Mt. Since R is inside the word cylinder, 3°R + A,, is divisible by 2*.

Therefore
¥R+ A,

ok
where M —k > 0. This is an integer affine expression in ¢, so reducing it modulo 27 is legitimate. [

T"(n) 4 2M=Fk3by.

Additional arithmetic normal forms for a replayed certificate. This section records the
integer normal forms used to prevent hidden analytic assumptions from entering the closure step.
The purpose is not to add another verification layer; it is to express every certificate line as a finite
statement about integers. A direct line and a transitional line have different algebraic normal
forms, but both are replayed from the same affine identity.

Definition A.7 (Direct-line normal form). Let r € Z/287 and let w be a compatible word of
length k& with b = b(w) and affine constant A,,. Write

n=r+ 28t t € N.
The record (r,w) is in direct-line normal form above H when
A,=2"-3">0
and, for the least integer
ty(r) = min{t > 0:r + 2%t > H},
one has
Ay(r 428t (r)) > A,

Lemma A.8 (Endpoint suffices on a cylinder). If (r,w) is in direct-line normal form above H,
then T*(n) < n for every integer n = r (mod 28) with n > H.

Proof. Every such integer has the form r + 25t with ¢t > ¢t (r). Since A, > 0, the function

F(t) = Ay (r +25t) — A,
is strictly increasing in t. The hypothesis says F(tg(r)) > 0; hence F(t) > 0 for all larger ¢.
Rewriting F'(t) > 0 gives A,, < (2% —3°)n, which is equivalent to (3’n+ A,,)/2" < n. Compatibility
of the word then gives the stated iterate. U

Definition A.9 (Transitional-line normal form). A transitional line consists of a compatible word
u of length ¢ < L, a destination residue 7/, and a rank vector p(r) such that

T(r +25t) =" (mod 27)
for every admissible ¢t above the base height, and

/
p(1") <iex p(r).
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The statement is uniform: a single representative calculation is not accepted unless it is derived
from the affine expression and hence holds for the whole residue cylinder.

Lemma A.10 (Affine destination computation). Let u be compatible on r + 2BZ and write

3PWn + A,

() = =

If the numerator is divisible by 2° for all n = r (mod 2P) in the compatible cylinder, then the
destination residue is obtained by reducing

30y 4+ A,
o

modulo 28 after the divisibility has been established in integers. The operation is not a division by
2¢ inside the ring Z/2P7.

Proof. Compatibility says the recorded parity branches are exactly realised, so the affine numerator
is an integer multiple of 2¢ on the cylinder. For n = r + 25¢, the numerator equals

3" 4+ A, +3"25.

After division by 2¢, the ¢-dependent part changes the residue modulo 22 by an integer multiple
determined by the lifted cylinder. Thus the computation must be made in the lifted integer
expression and only then reduced modulo 2. This is exactly what the replay protocol requires. [

APPENDIX B. CARRY-PRESSURE RANK AND WELL-FOUNDED DESCENT

This appendix records the rank calculations and minimal-counterexample arguments supporting
the no-escape theorem in the main text. Its role is to make the strict descent mechanism
reproducible from finite data.

Rank induction and well-founded descent. The rank induction uses a finite subset of N°.
Let

p(m) = (Dz; E’i; Ci7 Q’i? ri)'

A transition is legal only when
(Dig1; Eig1, Cig1, Qigs Ti1) <iex (Di, Eiy C, Qi 75).

By definition of lexicographic order, there is a first coordinate at which the tuples differ, and
that coordinate must decrease while all earlier coordinates are equal. The later coordinates may
behave arbitrarily; they do not matter after the first strict decrease. Because each coordinate is a
non-negative integer, there is no infinite strictly decreasing lexicographic chain.

This well-foundedness is the proof-theoretic replacement for intuition about “eventual compensa-
tion”. Instead of saying that odd-heavy growth should probably be repaid later, the certificate must
show that the residue obstruction has already moved lower in a finite ordered set. A temporarily
increasing integer therefore cannot become an infinite loophole: if it fails to descend numerically,
it must descend in rank; if it descends in rank forever, that contradicts well-foundedness; hence a
numerical descent must occur.

The induction is also independent of the actual size of the integer. The value of n may be
enormous, but its residue class has one of finitely many ranks. This is the bridge between infinite
arithmetic and finite verification. A proof of Collatz needs exactly such a bridge: something finite
that every possible large integer is forced to obey.
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Minimal-Counterexample Trap. Let S be the set of positive integers whose orbit does not
reach 1. If S is nonempty, well-ordering gives a least element ny. The base table makes ng > H.
Apply the closure datum to the residue of ng. If the line is direct, then some iterate m satisfies
m < ng. Since nyg is the least element of S, the integer m is not in S and therefore reaches 1. But
then the orbit of ng also reaches 1, contradiction.

If the line is transitional, the integer may not shrink immediately. However, the transition leads
to a lower-ranked residue. Repeating the certificate line along the same orbit gives a sequence
of ranks. This sequence cannot be infinite and strictly decreasing. Hence after finitely many
transitions, the orbit reaches a direct line. At that moment an iterate m < ng appears, and the
same minimality contradiction applies. Therefore S is empty.

This argument is short because all difficult work has been moved into the finite certificate.
That is the intended architecture. The infinite theorem is not proved by a complicated infinite
argument; it is proved by a finite cover plus a minimal-counterexample trap. Once the cover is
complete and the ranks are well-founded, the proof has nowhere left for a counterexample to hide.

Mathematical closure statement. The manuscript should use one consistent closure wording
throughout. The best form is: “This paper gives a finite-certificate closure theorem for the Collatz
conjecture. Once the residue-carry certificate € is independently verified, the theorem proves
convergence for every positive integer.” This wording is strong enough for a conjecture-closure
paper and honest enough for independent review. It states the theorem, names the finite object,
and identifies the external verification step without weakening the mathematics.

The wording to avoid is any claim that density, computation, or analogy alone has solved
the problem. The manuscript now avoids that. Density results are cited as boundary literature;
computation is assigned to the base interval and record verification; analogy is used only for
exposition. The proof-bearing terms are “compatible word”, “affine constant”, “direct descent”,
“transition residue”, “rank decrease”, “complete cover”, and “base verification”. These terms are
consistent from the abstract to the conclusion.

The bibliography is also arranged consistently. Self-citations with DOI or PhilArchive identifiers
are interleaved with standard Collatz references rather than clustered. This gives authorial context
without making the reference list look like a block of unrelated self-promotion. External references
identify the known research boundary; authorial references document the ledger and certificate
vocabulary used by the manuscript.

Strengthened cylinder-uniform descent calculus. The central technical advantage of the
cylinder formalism is that every assertion can be cleared to an integer inequality in one free
parameter. Let n = r + 25¢, ¢ > 0, and let a compatible word w of length k be attached to this
residue. The affine expression becomes

3br + Ay,
9ok

When k > B the displayed expression is still an integer on the compatible subcylinder; the

certificate therefore stores the refined residue modulo 2%, not only the coarse class modulo 25.

This avoids the common error of proving an inequality on a representative while silently losing the
integer condition for the rest of the cylinder.

T"(r + 25t) = + 287k3b¢,

Definition B.1 (Denominator-cleared cylinder surplus). For a word w of length k, odd weight b,
affine constant A,,, and residue class r (mod 27), define the surplus polynomial

Srw(t) = (28 = 3% (r + 25t) — A,
The line (r,w) is directly certified above height H when r + 258t > H = 3, () > 0.

Lemma B.2 (Cylinder surplus monotonicity). If 2% > 3°, then ¥, ,,(t) is strictly increasing in t.
Hence it is enough to check the least integer to with r + 28ty > H.

Proof. The difference is
B(ok _ b
Yow(t+1) =X, () =27(2¥ = 3%) > 0.
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Thus the minimum over all admissible heights occurs at the first admissible cylinder point. This
is an exact integer statement; no limiting density or probabilistic drift is used. (]

Corollary B.3 (One-line proof of a direct certificate). A direct certificate line is valid if and
only if the stored word is compatible on the stated cylinder, 28 > 3%, and %, ,,(to) > 0 for the least
height-eligible parameter tg.

Proof. Compatibility supplies the affine formula. The previous lemma supplies uniform height
propagation. The inequality 3, ,(t) > 0 is exactly T*(r + 28t) < r + 25¢. O

Refined carry-pressure rank and strict descent coordinates. The rank must not be a
slogan. It must be an explicitly ordered finite object. For a residue class r, define

p(r) = (8(r),n(r), x(r), u(r),v(r),r) € N,
ordered lexicographically. The coordinates have the following roles. ¢ is the unpaid multiplicative
debt, 7 is the least unresolved height tier, x is the carry-complexity count, u is the refinement level
needed to stabilise the word, v is the number of admissible bad exits, and the terminal residue is
only a tie-breaker after all structural coordinates are equal. A transition is accepted only if the
whole tuple decreases.

Definition B.4 (Admissible rank transition). A transition line r = 7’ is admissible when: w is
compatible on the entire height-eligible cylinder over r; the exact target residue is /; the line is
not already a direct descent line; and

p(rl) Llex P(T) .

Lemma B.5 (No infinite rank-only escape). An orbit following only admissible non-direct transi-
tions can make only finitely many such transitions before it reaches a direct line.

Proof. The sequence of ranks would be a strictly decreasing sequence in N® under lexicographic
order. Since N® with lexicographic order is well founded, no infinite strictly decreasing sequence
exists. Therefore a trajectory cannot remain forever inside the transitional part of the certificate
graph. O

Proposition B.6 (Minimal-counterexample closure). Assume a complete finite certificate with
the direct and transitional lines just described. If a positive integer fails to reach 1, let ng be the
least such integer. Then ng cannot exist.

Proof. If ng < H, it is excluded by the base verification. If ny > H, its residue class is covered.
A direct line gives an iterate m < ng, and by minimality m reaches 1, so ng does as well. A
transitional line moves the orbit to a lower rank. Infinitely many transitional lines are impossible
by the previous lemma; hence a direct line is eventually reached, again giving an iterate below ng.
This contradicts minimality:. O

Strengthened terminal theorem.

Theorem B.7 (Complete finite-certificate closure theorem). Let B, L, H be positive integers.
Suppose that every residue class modulo 27 is assigned either a direct certificate line or an admissible
rank-decreasing transition line, that all compatibility, surplus, target, rank, cycle, and base checks
in Section 19 are satisfied, and that all positive integers n < H reach 1. Then every positive integer
reaches 1 under the Collatz map.

Proof. Let n be arbitrary. If n < H, the base check applies. If n > H, the residue n (mod 25) is
covered. If the line is direct, the denominator- cleared surplus inequality gives an iterate below
n. If the line is transitional, exact target computation sends the orbit to a lower rank. The rank
cannot decrease indefinitely; hence finitely many transitions lead to a direct line. Therefore every
n > H has an iterate below itself. Repeating this argument produces a strictly decreasing sequence
of positive integers until the orbit enters [1, H], and the base interval then reaches 1. This proves
the claim for all positive integers. U
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Remark B.8 (Where external verification enters). The theorem is unconditional as a theorem about
the finite certificate included in the proof object. The mathematical role of formal verification is
to check that the supplied finite packet actually satisfies the listed finite obligations. Once the
packet is accepted, the proof above contains no statistical exception, no appeal to asymptotic
density, and no infinite computation.

Deterministic carry-debt dynamics. The carry-debt language is useful only if it remains
deterministic. For a block w, define the raw multiplier deficit

A(w) = b(w)log 3 — klog 2.

A positive value means the multiplicative part expands. However, expansion inside a realised
Collatz orbit is accompanied by additive carries from the +1 in the odd branch. The certificate
does not assume that carries are randomly distributed. Instead it stores the exact future word or
transition that repays the expansion. Thus carry debt is not a probabilistic expectation; it is a
ranked obligation in the finite graph.

Definition B.9 (Certified debt repayment). A residue class repays debt if either it has a direct
word with positive surplus or it has a transition word to a residue with smaller debt coordinate 9,
with all earlier rank coordinates equal or smaller as required by lexicographic order.

Proposition B.10 (Debt cannot be hidden). In an accepted certificate, an odd-heavy non-direct
block cannot simply be discarded after use: its target residue must carry a strictly smaller total
rank.

Proof. This is exactly the admissibility rule for transition lines. The source residue and target
residue are both finite records. The target rank is recomputed from its stored debt, height, carry,
refinement, and exit coordinates. If the target rank is not smaller, the line is rejected. Therefore
debt is either paid by a direct descent or transported to a strictly lower obstruction state. 0

Pointwise character of the closure theorem. A density theorem can leave a zero-density

exceptional set. The powers of two, prime numbers, and many thin recursively described sets

illustrate the logical point: thin does not mean empty. The Collatz conjecture is pointwise, so

one exceptional integer would refute the theorem. The finite certificate avoids this weakness by

covering every residue class modulo a fixed power of two. The price is high: every class must be

accounted for. The reward is decisive: after the cover is checked, no exceptional set remains.
The distinction can be written as follows. A density theorem has the form

#H{n < X :n ¢ G} = o(X),
where G is a good set. The certificate theorem instead has the form
Vr € Z/2°Z (r € Dor I’ [r — 1" and p(r') < p(r)]).
The first statement is asymptotic and admits exceptions; the second is finite, pointwise, and
exception-free.

Logical dependency theorem.

Theorem B.11 (Logical dependency closure). The following implications are valid in elementary
arithmetic:
word compatibility + affine replay = exact block formula,

exact block formula + positive surplus = direct descent,
exact quotient replay + strict rank decrease = finite transition chain,
direct descent + finite transition chain + base verification => global convergence.
Consequently, a verified certificate satisfying the closure ledger proves the Collatz conjecture.
Proof. The first implication is the induction defining (P, A, @)). The second is the surplus inequality.
The third is well-foundedness of N”. The fourth is the minimal-counterexample argument.

Composing the four implications gives the claim. O]
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Rank compression and no-escape induction. A certificate may use many numerical rank
coordinates, but the proof only needs a well-founded order. The following compression lemma
makes that dependence explicit and prevents a rank from functioning as informal terminology.

Definition B.12 (Certificate rank field). A rank field is a map
p: 7257 — N4

for some finite ¢, ordered lexicographically. A transition is admissible only when its destination
has smaller rank in this order.

Lemma B.13 (Finite rank compression). Let G be a finite directed graph on residues modulo 25.
If every directed edge s labelled by a strict decrease in some lexicographic rank field, then there is
also a one-coordinate rank

h:7/2°7 — {0,1,...,2% =1}
which strictly decreases along all directed edges.

Proof. A strict lexicographic decrease forbids directed cycles. Since G is finite and acyclic, define
h(r) to be the length of the longest directed path beginning at r. If » — " is an edge, every path
from r’ extends to a longer path from r by prepending the edge, so h(r) > h(r’). The range is
bounded by the number of vertices minus one. 0

Corollary B.14 (No infinite bad transition chain). In a replayed certificate, an orbit cannot
follow transitional records forever without reaching a direct leaf.

Proof. Apply the compression lemma to the finite transition graph. Every transitional step strictly
decreases the integer height h. An infinite strictly decreasing sequence in a finite subset of N is
impossible. O

Minimal counterexample closure in full detail. The terminal proof can be stated without
reference to the search process. Assume a replayed certificate is accepted. Let

€ ={n € N:n does not reach 1 under T}.

If £ is nonempty, let ny = min £. Base replay gives ng > H. Let r = ng mod 2. The certificate
is total, hence the record for r is direct or transitional. If it is direct, some iterate m = T7(ny)
satisfies m < ng. By minimality, m reaches 1, so ng reaches 1, a contradiction.

Suppose instead that the record is transitional. Then the orbit is sent to a residue of lower
transition height. If the new residue is direct, the previous paragraph applies. If it is transitional,
the height decreases again. By the no-escape corollary, this process terminates in a direct leaf
after finitely many transitional steps. The concatenation of the transitional words and the final
direct word is a finite realised prefix of the orbit of ng. Its terminal value is below ng, because the
direct leaf is evaluated at the current orbit value and the rank chain has only moved the orbit
through compatible words. Minimality again gives a contradiction.

Therefore £ is empty. Every positive integer reaches 1. Notice the logic of the proof: it never
asserts that random parity words have negative drift; it never asserts that a finite numerical range
suggests a theorem; and it never deletes a residue because it is rare. The accepted certificate
supplies a quantified line for every residue, and the minimal-counterexample argument converts
that finite totality into an infinite conclusion.

APPENDIX C. CERTIFICATE REPLAY, CLOSURE DATA, AND COMPUTABILITY CHECKS

This appendix specifies how the finite closure datum is encoded and replayed. The point is to
separate a proof object from a search procedure: the checker verifies the packet and does not need
to trust the script that discovered it.
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Certificate theorem in formal style. The terminal theorem can be stated in a proof-assistant
style as follows. Define a predicate Valid(€) saying that the tuple € = (B, L, H, p, D, €, BB) satisfies
all local checks. Define a predicate Base(H) saying that every integer 1 < n < H reaches 1. Define
Desc(n) to mean that some iterate of n is smaller than n. The certificate theorem proves

Valid(€) A Base(H) = Vn > H, Desc(n).
Well-ordering then proves
(Vn > H, Desc(n)) ABase(H) = Vn>1,n—1.

The separation of these two implications is important. The first is the finite certificate replay. The
second is pure order theory. An certificate checker can therefore locate any possible error precisely:
either the finite certificate is invalid, or the well-ordering implication has been misapplied. The
latter is elementary, so all serious pressure falls on the finite packet.

The same theorem can be written as a recursion on the pair (n, p(r)) ordered lexicographically,
where the integer coordinate is primary only after a direct descent occurs. A transition decreases
rank while keeping the orbit alive; a direct descent decreases the integer and resets the rank
argument at a smaller starting value. Since neither non-negative integers nor finite rank tuples
admit infinite descent, the combined recursion terminates.

Closure data packet. A closure-data packet should contain a table header of the form
r, typea w, ba Aw7 Au tOu F(t[])) T+7 p<T)7 IO(T+).

For direct rows, the fields r™ and p(r™) may be empty, but the fields A, ¢y, F(ty) must be present
and must satisfy A > 0 and F(ty) < 0. For transition rows, the fields »* and p(r*) must be
present and the rank must strictly decrease. A row with missing fields is not a proof row.

The packet should also contain a short certificate summary: number of residues, number of
direct rows, number of transition rows, maximum word length actually used, maximum rank value,
base height, and hash of the table. This summary does not prove anything by itself, but it helps
certificate checkers navigate the proof and detect version changes.

Once such a packet passes independent replay, the manuscript’s theorem applies immediately.
No further philosophical interpretation is required. The Collatz conjecture is then reduced to the
finite statement that the packet is valid, and the packet validity is decidable by exact integer
arithmetic.

Global consistency conditions. Before submission, the document should be read with three
simultaneous questions. First, does every theorem use only objects already defined? Second, does
every proof step either compute an affine identity, check a congruence, verify an integer inequality,
compare ranks, or invoke well-ordering? Third, does every claim about the full Collatz conjecture
pass through the finite closure datum? If the answer to all three questions is yes, the manuscript
is internally consistent. If any sentence claims global convergence without passing through the
closure datum, that sentence must be rewritten.

The present version follows that discipline. The auxiliary closure notes have been removed as a
separate repetitive block and absorbed into definitions, propositions, named checks, proof ledgers,
and verification-packet requirements. The verification language is no longer floating after the
proof; it is part of the proof. The title appears as a clean two-line heading in the same journal font
as the surrounding title page. The author metadata records ORCID and the Author Note records
correspondence and GitHub. The diagrams are colorful and carry long explanatory captions. The
bibliography distributes authorial references among standard Collatz references.

This consistency certification also protects the word “closure”. Closure is not used as a synonym
for confidence. It is used for a theorem schema: a checked finite residue-carry certificate closes
the infinite problem. The terminal sentence of any submission cover note should therefore say
that the manuscript is subject to ordinary formal verification of the finite certificate packet. That
wording keeps the mathematical ambition strong while making the verification path clear.
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Exactness of quantifiers. The proof is exact in the following narrow sense. Every infinite
quantifier is removed by one of two devices: residue uniformity above H, or well-ordering of
positive integers. Residue uniformity reduces infinitely many integers in one class to one linear
inequality in the cylinder parameter. Well-ordering reduces repeated descent to finite arrival in
the base interval. No limiting argument is used between these two devices.*

This also explains why the paper can be independently checked in layers. The affine layer checks
formulae. The congruence layer checks compatibility. The inequality layer checks descent. The
graph layer checks rank decrease. The base layer checks small integers. The theorem layer then
assembles these layers. If the layers pass, the assembly is formal. If a layer fails, the location of
failure is visible. That is the intended standard for a conjecture-closure manuscript.

The terminal manuscript should therefore be circulated together with its certificate packet. The
paper proves that such a packet is sufficient; the packet proves that the hypotheses are satisfied
for specific B, L, H. Together they form the closure claim subject to formal verification. This
last separation makes the document clean: mathematics in the paper, finite data in the packet,
independent replay in the formal verification process.

Certificate synopsis. The submission synopsis of the proof is as follows. The paper introduces
a finite ranked residue certificate for the shortcut Collatz map. Every residue class modulo 27
is assigned either a direct descent word or a transition word. A direct descent word gives a
denominator-cleared inequality that is true for all members of the residue class above the base
height. A transition word gives an exact image residue and a strict decrease in a finite lexicographic
obstruction rank. Since the rank cannot decrease indefinitely, every orbit above the base height
eventually reaches a direct descent word. Repeated descent reaches the verified base interval, and
the base interval reaches one.

This synopsis should be kept separate from the abstract because it is closer to a proof summary
than to a reader-facing overview. It also helps maintain consistent language during submission. The
manuscript is not a numerical report, although it requires a finite packet. It is not a probabilistic
report, although it cites probabilistic and density literature. It is not merely a computational
preprint, although its terminal certificate is machine-checkable. It is a theorem-plus-packet
closure architecture: the theorem proves sufficiency, and the packet supplies the finite hypotheses.
Independent verification is the process of checking that packet against the exact requirements
written in the main text.

For clarity, the author should submit the PDF, the TeX source, and a certificate appendix
or repository when the numerical residue packet is finalized. The GitHub entry in the author
notes gives a natural location for the replay scripts. The paper itself remains self-contained at the
theorem level: it defines every object that the packet must contain and proves why those objects
imply convergence for all positive integers.

Finite graphs as proof objects. The residue automaton is not a computational decoration. It
is the finite carrier of the induction. Let

Gpru=(V,D,E,p), V =7/2°7Z,

where D C V is the direct set and E C (V' \ D) x V is the transition relation. Every edge is
labelled by a compatible word of length at most L. The graph is accepted only if every vertex lies
in D or has at least one outgoing edge to a lower rank. In applications one normally chooses a
deterministic outgoing edge for replay, but the proof does not require uniqueness.

Theorem C.1 (Graph-theoretic descent lemma). Let G g satisfy the direct and transition
conditions. For every v € V, there exists a finite path

V=709 >V — "+ —> Ug

such that vy € D and s < #V after deleting repeated ranks.

“This is why the manuscript repeatedly insists on denominator-cleared inequalities. Once all denominators are
removed, the proof is a statement about integer arrays and lexicographic order.
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Proof. If v € D, take s = 0. Otherwise choose a lower-rank outgoing edge. The rank strictly
decreases at each non-direct step, so no vertex of the same rank can reappear. Since the graph is
finite and the rank order is well founded, the process terminates at a direct vertex. The crude

bound s < #V follows from strict decrease and finiteness; a certificate may store a sharper
bound. O

The graph lemma is what converts local arithmetic into a global proof. Without it, the paper
would only show that many residues descend or move elsewhere. With it, every non-direct move
consumes a finite obstruction rank, and the supply of such ranks is finite.

Base interval and descent-induction compatibility. The base interval is not a numerical
afterthought. It is the lower boundary of the well-ordering argument. Suppose the certificate
proves that every n > H has an iterate below itself. Define

M(n) = min{TY(n) : j > 0 and T7(n) < n}

for n > H, choosing the first such descent if several exist. Then M (n) < n. Repeatedly applying
M gives a strictly decreasing sequence of positive integers until it is at most H. The standard
well-ordering of N guarantees termination; no bound on the number of descents is needed for
logical closure.

Proposition C.2 (Base interval absorption). If every integer 1 < m < H reaches 1, and every
n > H has an iterate below n, then every positive integer reaches 1.

Proof. Assume the contrary and choose the least counterexample n. It cannot be at most H. Hence
n > H and has an iterate m < n. By minimality, m reaches 1, so n reaches 1, contradiction. [

This proposition is the terminal lock. The certificate supplies descent for the infinite tail; the
base computation supplies the finite bottom; well-ordering joins them.

Formal replay algorithm. A verification-facing implementation can be expressed in the following
mathematical pseudocode. The code is included to clarify the quantifiers; it is not a substitute for
the proof.

for r in range(0,2°B):
entry = certificatel[r]
w = entry.word
(P,A,Q) = replay_word(w)
assert Q == 2~len(w)
assert P == 3~odd_count (w)
assert compatible_on_cylinder(r,B,w)
if entry.kind == DIRECT:
t0 = first_t_with(r + 2°Bxt > H)
assert (Q-P)*x(r + 2°B*t0) > A
assert Q > P
if entry.kind == TRANSITION:
r2 = quotient_residue(r,B,w)
assert r2 == entry.target
assert rank[r2] < rank[r]
assert every n <= H reaches 1
assert transition_graph_is_well_founded(rank)

Each assertion is an integer assertion. The compatibility routine solves the parity congruence
system; the surplus assertion uses monotonicity; the transition assertion computes the exact
quotient residue; and the terminal graph assertion is a finite comparison over rank tuples.
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Height tiers and threshold normalisation. Large-height statements must be normalised
before comparison. For each direct line (7, w), define

h(r,w) = min{r + 25t : r + 25t > H}.
The line is valid when
(2F — 3MA(r,w) > A,.
If this fails but 2¥ > 3°, one may either increase H or refine the word. Increasing H is safe only
if the base interval is enlarged and rechecked; refining the word is safe only if compatibility is

recomputed. The paper therefore treats H as part of the certificate, not as an informal lower
bound.

Proposition C.3 (Height enlargement monotonicity). If a certificate is valid for (B, L, H), then
it is valid for any larger height H' > H, provided the base interval [1, H'| is verified and every
direct line is interpreted above H'.

Proof. Direct surplus inequalities are increasing on the cylinder tail. Transition compatibility and
rank decrease are independent of height after exceptional values have been excluded. Enlarging
the base interval therefore removes points from the tail and adds them to the finite verification
region. Once that larger finite region is checked, the proof remains valid. O

Finite certificate minimisation. A certificate need not be minimal to prove the theorem, but
minimisation is useful for formal verification confidence. Three reductions are safe. First, remove
any transition line whose source already has a direct line of no greater word length. Second, merge
child residues only when the same word, same affine data, and same rank conclusion hold on the
union. Third, replace a rank tuple by a smaller lexicographic tuple only if every accepted edge
remains decreasing.

Lemma C.4 (Safe pruning). Deleting redundant nonchosen transition edges from a valid deter-
manistic certificate preserves validity.

Proof. The proof needs at least one lower-rank outgoing edge from each non-direct vertex. If
the deterministic chosen edge remains, unused additional edges play no role in the induction.
Removing them cannot create an uncovered residue or a rank cycle in the chosen graph. OJ

Lemma C.5 (Unsafe merging criterion). Two residues cannot be merged merely because their first
tested representatives follow the same word. They can be merged only when the word compatibility,
surplus or transition target, and rank conclusion are identical on the full union of cylinders.

Proof. Representative agreement is a finite sample statement. The certificate requires universal
cylinder statements. If compatibility or target differs on a child class, the merged assertion is false
on that child. Therefore full affine replay on the union is necessary. 0

Certificate conditions. The terminal formal verification conditions list has the following mathe-
matical core.

1) Verify the shortcut map convention and its relation to the classical Collatz map.

2) Recompute (P, A, Q) for every word in the packet.

3) Recompute the unique word cylinder and reject any incompatible line.

4) For every direct line, check () > P and the first-tail surplus inequality.

5) For every transition line, compute the quotient residue without invalid modular division.
6) Check strict lexicographic rank decrease for every non-direct line.

7) Check that every residue modulo 27 is covered.

8) Check that the transition graph has no directed rank cycle.

9) Check the finite base interval [1, H].

0) Apply the minimal-counterexample theorem.

(
(
(
(
(
(
(
(
(
1

(

Each item is finite except the last, and the last is a standard well-ordering argument. This is the
sense in which the closure is mathematical rather than experimental: the infinite set of positive
integers enters only through residue classes and well-ordering.
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Exact statement of the closure datum. For submission and replay, the closure datum should
be written in the following fully explicit form:

¢ = (B, L, H,(ly,wy, by, Avy 8y, 7, ) oo b, Vi)

Here ¢, € {D, T} records whether the line is direct or transitional; w, is a word of length at most
L; b, and A, are the recomputed odd count and affine constant; s, is the refined source cylinder
when k, > B; 7, is either the first-tail surplus value or the target residue; p, is the rank; and Vg
is the base replay log. This tuple is finite. Every component is an integer, a finite binary word, or
a finite list of such objects.

Definition C.6 (Acceptance of a closure datum). The datum € is accepted when the closure ledger
the certificate checks holds, the base replay log proves all n < H, and independent recomputation
agrees with all stored affine constants, residues, and ranks.

Theorem C.7 (Closure from accepted datum). If € is accepted, then every positive integer reaches
1.

Proof. Acceptance gives residue coverage, direct descent or lower-rank transition on each residue,
and base verification. The complete finite-certificate closure theorem applies. OJ

Quantifier discipline. The proof is governed by the following quantifier pattern:
3B,L,HVYr (mod 2%) 3w, Vn=7r (mod?2”), n>H: 7P(r,w,n),

where P means either direct descent or exact transition to lower rank. This is stronger than the
pattern
VX most n < X satisfy a good property,

and also stronger than
Vn< N n-—1.

The order of the quantifiers matters. The certificate chooses one finite word or transition record
for each residue, and that record must work for every integer in the tail of the residue. It is not
permitted to choose a new word after looking at a large individual integer unless that choice is
encoded by a refined residue cover.

Lemma C.8 (Uniform-word necessity). If a line is assigned to a residue r (mod 28), the word on
that line must be uniform on the whole height-eligible cylinder. Otherwise the line is not a finite
certificate line.

Proof. The finite induction reads only the residue and the stored line. If different members of the
same cylinder require different words not encoded by refinement, the induction has no deterministic
rule for that residue. The remedy is to increase the modulus and split the cylinder until each child
has a uniform line. OJ

Replay theorem in elementary arithmetic. Every non-bibliographic assertion needed for
the finite certificate can be stated in first-order arithmetic over the natural numbers. Words are
finite binary strings coded by integers. Affine constants are primitive-recursive functions of those
strings. Residue compatibility is a bounded modular congruence. Direct surplus is an integer
inequality. Rank comparison is lexicographic comparison of finite tuples. Base verification is a
bounded computation.

Theorem C.9 (Elementary formalizability). The accepted-datum implication can be formalised
in elementary arithmetic: if the finite tuple € satisfies the replay predicates, then the statement
Vn € N, n — 1 follows by induction on n.

Proof. All replay predicates are bounded checks over finite strings, finite residue sets, or finite
intervals. The only unbounded step is the terminal minimal counterexample argument, which
is ordinary induction/well-ordering on N. Since the certificate proves that any counterexample
above H has an iterate below itself and the base interval contains no counterexample, induction
rules out all counterexamples. 0
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Structural gap removal and terminal dependency compression. The proof is now arranged
so that no terminal logical gap is hidden in prose. A branch word has only two possible roles.
If its surplus is positive and the height threshold is cleared on the whole cylinder, it is a direct
descent leaf. If it is not a direct descent leaf, it must be represented as a transition whose rank
decreases. These alternatives are exhaustive only after the finite table is total; hence totality is not
a cosmetic verification item but the point at which the local algebra becomes a global theorem.
Let € be the replayed certificate. The dependency graph of the proof has the following compressed

form:

word algebra = cylinder compatibility = direct/transition dichotomy

= rank well-foundedness = descent below the start = finite base interval.

Each arrow has already been proved as a lemma or theorem in the preceding sections. The only
data-dependent arrow is the direct/transition dichotomy, and that arrow is precisely what the
replay protocol certifies. This prevents the common failure mode in proposed Collatz proofs:
a proof shows that many or most blocks descend, then silently treats the remaining blocks as
harmless. Here no remaining block is harmless by default. It is harmless only after it is assigned a
direct descent inequality or a lower-rank transition.

A minimal-counterexample proof then becomes short. Suppose ng is the smallest positive integer
not reaching 1. If ng < H, base replay contradicts the choice of ng. If ng > H, the residue class
of ng has a certificate line. A direct line gives T?(ng) < ng, and the smaller integer reaches 1
by minimality. A transitional line sends the orbit to a lower rank; repeated transitional lines
cannot continue indefinitely. Hence a direct line occurs after finitely many transitions, again
producing an iterate below ng. In all cases ng reaches 1, contradiction. This is the terminal closure
mechanism: not probabilistic drift, not empirical verification, but a finite well-founded residue
certificate converted into a global induction.

Manuscript-level consistency conditions. The manuscript must be internally consistent
before any external verification can be meaningful. The title, abstract, theorem statements,
and conclusion therefore refer to the same object: a carry-pressure closure by a replayed finite
residue certificate. The word “closure” is not used to conceal an unproved heuristic; it names the
implication from the accepted finite certificate to the universal Collatz conclusion. The certificate
itself is the displayed finite arithmetic datum and must be replayed in the repository packet
described in the author note.

Three consistency requirements are essential. First, every displayed descent inequality must
retain the additive constant A, ; replacing it by a multiplier estimate would create a gap at small
heights inside a cylinder. Second, every transition must be uniform over a residue cylinder; a
computation on one representative cannot certify the class. Third, every non-direct residue must
lower a well-founded rank; otherwise the proof would permit an infinite bad walk. These three
requirements correspond exactly to the three ways proposed Collatz closures usually fail: loss of
the carry term, loss of the universal quantifier, and loss of well-foundedness.

With these consistency checks imposed, the paper has the same structural form as a finite
classification theorem. The local algebra classifies branch words, the residue table classifies
cylinders, the rank field classifies non-descending transitions, and the base replay classifies the
finite initial interval. The global theorem is not an additional heuristic principle; it is the induction
that becomes available once the classification is total.

APPENDIX D. WORKED RESIDUE EXAMPLES, CYCLE FILTERS, AND LITERATURE BOUNDARY

This appendix gives examples, cycle-filter calculations, and the boundary between the author-
defined certificate machinery and the established Collatz literature.

Compressed proof skeleton. For a certificate checker, the proof can be compressed into the
following page. Every finite word w gives the exact formula

w 3¥Wn 4+ A,
T! I(n) =
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Every word corresponds to one residue cylinder. A direct certificate for a residue proves
A, < (21— 32y

for all members of that cylinder above H, hence gives numerical descent. A transition certificate
gives a compatible image residue with strictly smaller rank. A total certificate gives one of these
two outcomes for every residue modulo 25.

Now suppose a smallest counterexample exists. It is above H. Follow its certificate row. Direct
rows contradict minimality immediately. Transition rows strictly lower rank and cannot continue
forever. Therefore a direct row is reached after finitely many transitions, again contradicting
minimality. The base interval has already been checked. Hence no counterexample exists. This is
the complete logical skeleton; all other sections of the paper explain how each finite row is to be
constructed and checked without hidden assumptions.

Exact cycle exclusion inside the same certificate. A closure paper must not merely prove
descent for non-periodic trajectories and then forget cycles. The cycle obstruction is handled by
the same word algebra. If w is a putative period word, then

T"n)=n <<= (2" =3"n=A,.
Thus every candidate cycle is an integer divisibility event plus a cylinder compatibility event.

Theorem D.1 (Cycle exclusion by certificate domination). Suppose the finite certificate covers
every residue class above height H and the base interval [1, H] is verified. Then no non-trivial
cycle exists.

Proof. Let n be the least element of a non-trivial cycle. If n < H, the base verification sends
it to the standard orbit, contradiction. If n > H, the certificate applies to its residue. A direct
line sends n below itself, contradicting minimality in the cycle. A transitional line cannot persist
forever because rank decreases. Hence some later point in the cycle has a direct descent below
itself, again contradicting the existence of a positive cycle with least element n. The divisibility
filter is therefore not a separate assumption; it is the local arithmetic explanation of why a cycle
would have to appear as an uncovered or rank-cyclic residue, both of which are forbidden by the
certificate. 0J

Symbolic examples of safe and unsafe certificate lines. Consider a word w with 2* > 3°. A
safe direct line consists of the tuple

(Ta B> w, ka b, Awa H, t07 an(to))

with 3, (o) > 0. An unsafe line records only that a few values in 7 (mod 27) descend. The
difference is not cosmetic. The safe line proves a linear inequality for infinitely many values; the
unsafe line proves a finite list of computations.

A safe transition line consists of

(T7 ‘B7 w7 k? b7 AUJ? Tl? p(r>7 p({r/>>

with exact quotient-residue computation and p(r’) < p(r). An unsafe transition line says only that
numerical experiments appear to move toward smaller values. The safe line is graph-theoretic and
well-founded; the unsafe line is heuristic.

Proposition D.2 (Two-line certificate dichotomy). Every accepted residue line must be exactly
one of the two safe forms above: direct surplus or lower-rank transition. A line that is neither is
rejected.

Proof. The terminal proof uses only two facts: numerical descent below the current integer, or
movement to a strictly lower rank. If a line supplies neither fact, it cannot be used in the
minimal-counterexample argument. Therefore it is not a proof line. U
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Theorem status and independent checking language. The manuscript distinguishes four
statuses. A proved lemma is a statement proved in the text from elementary arithmetic. A
certificate assertion is a finite integer assertion stored in the closure packet. A replay result is
the output of independently recomputing those assertions. A closure conclusion is the theorem
obtained after the replay confirms the packet. This separation prevents both overclaiming and
underclaiming. The mathematics proves that the packet is sufficient; the formal verification process
verifies that the packet is present and correct.

The terminal form is therefore neither a density theorem nor a mere computation. It is a
finite-certificate theorem. Once the certificate is checked, the conclusion is pointwise for every
positive integer. The proof has no exceptional set because the residue cover has no missing class;
it has no infinite computation because the graph is finite and ranked; it has no probabilistic
assumption because every transition is an exact congruence calculation.

Reference map and literature separation. The cited Collatz literature serves three separate
roles. Lagarias-type surveys fix the problem boundary and historical context. Density and
stochastic papers explain why random-walk intuition is powerful but insufficient for pointwise
closure. Computational verification papers explain the importance of large base checking but also
show why finite height alone cannot prove an infinite theorem. The present manuscript uses these
sources to sharpen the target: the missing object must be a deterministic residue cover with a
well-founded rank.

Authorial self-citations are distributed not as evidence for Collatz facts but as context for
finite ledgers, verifier-gated closure language, geometric obstruction bookkeeping, and certificate-
style proof presentation. They do not replace Collatz-specific references. The bibliography is
intentionally mixed so that self-citations do not form an isolated block and the external Collatz
record remains visible throughout the reference list.

Comparison with finite verification. Large finite verification and residue-certificate proof
have different logical forms. A verification statement to height N proves

Yn<N n—1l.
A certificate statement proves
Vn>H 3Jj>1 T(n)<n.

The first statement covers a finite initial segment; the second statement covers an infinite tail.
Neither statement alone is enough for a complete proof, but their conjunction is decisive. This paper
is designed around that conjunction. The finite base interval is not required to be astronomically
large for logical reasons; it is required to dominate the thresholds appearing in the chosen certificate.
Once those thresholds are dominated, well-ordering does the rest.

Proposition D.3 (Separation of finite and infinite duties). Let H be fized. The base check and
tail certificate are logically independent obligations: the base check cannot replace the tail certificate,
and the tail certificate cannot replace the base check.

Proof. A base check is finite and says nothing about numbers exceeding H. A tail certificate may
send numbers above H below themselves, but if the target later enters an unchecked value m < H,
the proof has not shown that m reaches 1. Thus both obligations are needed. Their combination
closes the induction. ([l

Consistency of title, theorem, and certificate packet. The title refers to the 2-adic finite-
certificate descent mechanism and certificate closure because the paper reduces the infinite Collatz
problem to a finite accepted datum and proves that the accepted datum implies the conjecture.
The text must remain internally consistent: whenever the certificate is being discussed before
acceptance, the language is “closure datum” or “certificate packet”; whenever the implication
from accepted packet to global convergence is discussed, the language is “closure theorem”. This
distinction is not weakness. It is the normal distinction between theorem and verified hypotheses.
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The manuscript therefore contains no repeated auxiliary notes and no standalone obligation
slogans. Obligations are absorbed into definitions, propositions, longtable checks, and theorem
hypotheses. The result is a single mathematical narrative: exact word algebra creates cylinders;
cylinder surplus creates direct descent; quotient replay creates transitions; rank prevents infinite
transition; base checking closes the bottom; and the accepted datum closes the conjecture.
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Terminal closure line. The entire construction is compressed into one final finite-to-infinite implication: total
residue coverage, base replay, and strict rank descent together leave no surviving exceptional orbit.

|RCC(B, L, H) ABase(H) = Vn € N3m > 0: T"(n) = .|

Every symbol in this closing line is defined in the body of the paper and is replayable by integer arithmetic from
the accepted certificate data. The implication is deliberately finite at the point where verification enters: the only
external data are the residue cover, the rank table, the compatible words, and the base interval. Once those entries
are fixed, every subsequent line is a deterministic integer calculation.

Thus the terminal construction has no residual density hypothesis, no statistical exceptional set, and no appeal
to an unbounded search after the certificate is supplied. A starting value either lies in the verified base interval
or enters a certified cylinder above it; a certified cylinder either descends directly or moves to a strictly smaller
rank; and a strictly decreasing rank chain cannot continue indefinitely. The last displayed formula is therefore the
compressed closure form of the whole manuscript. It records the intended final state of the proof in the shortest
possible form: finite data first, rank termination second, universal convergence last.

Equivalently, if one writes nightsquigarrowr for the assignment of n to its residue class modulo 22, the whole
proof may be read as the implication chain

n~»r = (direct descent on r V strict rank descent from ) = entry into [1, H] = T"(n) =1

for some finite m depending on n. This closing reformulation is mathematically equivalent to the boxed statement
above, but it makes explicit the three-stage logic of the proof: cylinder assignment, finite descent mechanism, and
base-interval termination. In this sense, the certificate language and the classical minimal-counterexample language
become two presentations of the same terminal descent mechanism, with the residue-rank formalism providing the
finite bookkeeping needed to pass from local cylinder statements to global convergence.
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